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Abstract
Recent experiments have shown that it is possible to draw controlled networks of very
uniform polymeric microfibers and nanofibers by exploiting elasto-capillary thinning
and stretching of macroscopic liquid bridges (Harfenist et al., Nano Lett., 4(10),2004).
We develop a model of this process that describes the simultaneous visco-elasto-
capillary thinning, stretching and drying of cylindrical filaments of polymer solutions.
A one dimensional formulation is developed using a slender body approximation to
the inertialess equations of motion. The evolution in the kinematics, stress and com-
position of differential material elements are computed by numerical simulation using
an explicit Eulerian scheme. The polymer rheology is described by a single mode
Giesekus model with a concentration-dependent shift factor that accounts for com-
positional dependence of the zero shear rate viscosity and the relaxation time of the
fluid. An averaged mass transfer coefficient accounts for evaporation by conduction.
The numerical simulations are compared to capillary break-up extensional rheome-
ter (CABER) experiments and stretching experiments using high molecular weight
poly(methyl methacrylate) solutions in chlorobenzene with a range of mass fractions
in the concentrated regime. Very large reductions in the radius of the thinning thread
- spanning two to three orders of magnitude - are attainable by careful control of the
mass transfer rate and the stretching/thinning dynamics. Simulations show that the
fiber formation process can be conveniently parameterized by three dimensionless
groups which compare, respectively, the rate of capillary thinning, the rate of elastic
stress relaxation, the rate of stretching and the rate of solvent evaporation. Guide-
lines to design polymer solutions are provided and a theoretical prediction of the
equilibrium diameter based on simple scaling is derived.
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Chapter 1
Introduction
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Figure 1-1: Potential applications of polymer nanofibers from Huang [1]. (a) Struc-
tures for MEMS device (Four Level Poly Gripping Tips holding a 5 Am glass fiber). (b)
Blood capillaries scaffolds for tissue engineering. (c) Waveguides for micro-photonics
devices (from Tong et al. [2]).
* Piezoelectric sensor
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* Fluorescence optical chemical
sensor
Figure 1-2: Comparison of processes for fiber fabrication. (a) Dry spinning of a
polymer solution. (b) Electrospun PEO fibers with diameter lying between 50 and
500 nm (from Frenot [3]. (c) Direct drawing of polymer fibers using an AFM tip
travelling between two pools of polymer solution (from Harfenist et al. [4]).
The fabrication of microscale and nanoscale polymer fibers has gained consider-
able interest because of its potential applications, especially in nano-electronics [5],
nano-sensors [6], low-loss optical wave guides [2], filtration and biotechnologies [7].
Other applications have been reported in the review by Huang [1] and are summa-
rized in Fig. 1-1. The construction and assembly of advanced fiber-based micro or
nano devices require the development of new fabrication techniques to draw three-
dimensional networks of suspended fibers. Current fiber-based processes do not allow
precise, controlled placement of individual submicron fibers on a substrate. In melt
spinning or dry spinning [8], a polymer solution or polymer melt is extruded from a
spinneret with numerous holes and a take-up wheel imposes a stretching deformation.
As the fibers exit the spinneret, air is blown to cool down or evaporate a solvent. The
solidified fibers are then collected on the take-up wheel. This process is unidirectional
and leads typically to fibers with diameter ranging from tens of microns to millime-
ters, as shown in Fig. 1-2(a). Only electrospinning [1] readily produces sub-micron
diameter fibers. During electrospinning, a high voltage is applied to a liquid droplet
at the end of a filled needle, electrostatic repulsion between the surface charges acts
against the surface tension and the droplet is stretched, at a critical point a stream
of liquid erupts from the surface. The jet is then elongated by a whipping process
caused a hydrodynamic instability arising from electrostatic repulsion. As a result,
nanofibers are generally collected as non-woven mats and thus cannot be arranged
in controlled patterns, as shown in Fig. 1-2(b). Controlled fabrication and assembly
of polymeric fibers at the microscale is done by spiders during the spinning process
of silk (see the review by Vollrath & Knight [9] for more details). Silks are spun
from liquid crystalline dope using a complicated spinning mechanism which gives the
animal considerable control. The material properties of finished silk are modified by
the effects of water and other solvents, and spiders make use of this to produce fibers
with specific qualities.
Recently, various microfabrication techniques for producing controlled networks of
fibers have been reported by Harfenist et al. [4], Berry et al. [10, 11], Pabba et
al. [12] and Nain et al. [13, 14]. Exploiting capillary thinning of macroscopic liquid
threads, they managed to place microfibers and nanofibers in a controlled way on a
substrate. Early work by Harfenist et al. demonstrated direct drawing of networks of
fibers using AFM tips and droplets of a polymer solution, as shown in Fig. 1-2(c). An
AFM tip is dipped into a polymer drop while it is viewed through an optical micro-
scope. When the polymer solution becomes spinnable, through solvent evaporation,
the tip and the attached fiber are pulled into a second drop of liquid polymer or
adhered directly to the surface. The fiber dissolves from the tip and is absorbed into
the second drop. The rheology of the polymer solution controls the rate of capillary
thinning of the thread, and different thinning behaviors are observed depending on
the elasticity of the fluid. The uniformity of the thread also highly depends on the
elasticity of the fluid. Additional fibers can be drawn between the two drops without
removing the tip or the tip can be detached from the second drop by retracting it a
small distance from the drop, to form a thread that undergoes capillary breakup. The
entire structure continues to dry and solidify, resulting in a two-point supported beam.
Harfenist demonstrated the capability of polymer solutions to be quickly and simply
drawn and interconnected into custom three-dimensional networks of suspended, me-
chanically flexible structures. This microfabrication process paved the way for a range
of new fabrication techniques exploiting capillary thinning, stretching and drying of
viscoelastic liquid bridges. Controlled drawing of fibers could improve significantly
current the fabrication of micro-devices, especially for three-dimensional structures
for MEMS (Fig. 1-1(a)), tissue engineering (Fig. 1-1(b)) or micro-photonics chips us-
ing networks of glass nanofibers as wave guides (Fig. 1-1(c) from Tong et al. [2]).
Most of the work in the literature being experimental, there is a strong interest
to understand the physics behind those new fabrication processes and build a model
providing design guidelines for spinnable polymer solutions leading to controlled di-
ameter fibers. It is particularly interesting to identify the roles played respectively
by viscosity, elasticity, capillarity and drying in this process and to understand the
balance of forces leading to stable/unstable threads with high/low uniformity. This
is the motivation for the work presented in this thesis. In Chapter 2 we describe new
fabrication techniques to draw controlled networks of micro/nano fibers and give a
review of the literature on this topic. In Chapter 3 we present a model describing
simultaneous stretching, capillary thinning and drying of viscoelastic liquid bridges.
In Chapter 4, we characterize the polymer solution used in the experimental work.
In Chapter 5, the code for numerical simulation of the model is presented. Finally,
Chapter 6 explains the physics of capillary thinning with drying, gives a compari-
son between experiments and simulation and provide design guidelines for spinnable
polymer solutions.
Chapter 2
Background and literature review
2.1 Fabricating controlled networks of microfibers
and nanofibers
In this section we provide a detailed description of the two fabrication processes that
will be modeled in this thesis.
2.1.1 "Brush-On"
The "Brush-On" fabrication method, presented in Fig. 2-1, was introduced by Har-
fenist et al. [4] and has been studied extensively by Pabba during his PhD [12].
The main objective of this process is to form suspended structure-spanning bridges
on MEMS devices. In Fig. 2-1(a), an applicator spreads a large sheet of polymer
solution over an array of micropillars by a smooth unidirectional brushing motion.
In Fig. 2-1(b), this sheet breaks up into individual threads that bridge neighboring
pillars, in the direction of brushing. Based on the observed uniformity of arrays of
fibers it appears that similar amounts of liquid wet each pair of pillars. The resulting
liquid bridges, suspended between two micropillars, undergo simultaneous capillary
thinning and evaporation of the solvent, forming a fiber much thinner than the di-
mensions of the micropillars. An SEM picture of the "Brush-On" process on an
array of 10 pm squared pillars separated by 20 pm is shown in Fig. 2-1(c). The
(b) (c)
(d) (e)
Figure 2-1: "Brush-On" process, from Pabba [12]. (a) A polymer solution is spread
on the edge of an applicator. (b) The applicator is moved horizontally at constant
speed over a micropatterned surface, leaving a sheet of polymer solution that breaks
into several liquid bridges between the top of two pillars. (c) After capillary thinning
and drying, an array of aligned nanofibers is obtained. SEM picture of fibers drawn
on 10 x 10 /m pillars spaced by 20 pLm with initial mass fraction of 23 wt.% PMMA(MW = 996 kg/mol) solution in chlorobenzene. (d) Schematic of the hypothesized
formation of oriented arrays of fiber air-bridges following brushing. (e) Zoom on a
nanofiber made by brushing a solution of PVAc in acetone.
fiber has a diameter of 2 ym. The polymer solution is PMMA of high molecular
weight (M, = 996 kg/mol) in chlorobenzene. Fig. 2-1(d) shows a schematic of the
hypothesized formation of oriented arrays of fiber air-bridges (fibers suspended in the
air) following brushing of liquid polymer across a micro-textured surface. Fig. 2-1(e)
shows a zoom of a nanofiber with a diameter of 600 pm obtained by brushing a so-
lution of Poly Vinyl Acetate in acetone. Pabba demonstrated that the process can
be extended to a wide range of spinnable polymer solutions. Fibers from 35 nm to
nearly 100 Mm in diameter were fabricated by this method. These air-bridges were
observed to possess a high degree of uniformity and order. The model that will be
described in this thesis focuses on the later stage of capillary thinning between two
micropillars, which appears to be the critical feature in the formation of nanoscale
air-suspended fiber bridges. We do not account for the earlier stage of brushing that
leads to the formation of a sheet of polymer solution breaking up into an array of
liquid bridges.
2.1.2 "Direct-Write" method for microfibers fabrication
A B C
Syringe Surface
Pressuried Tension
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Figure 2-2: Schematic (top) and actual images (bottom) of "Direct-Write" process
(from Berry [10]).
Scott Berry developed during his PhD [10] a "Direct-Write" technique to easily
process polymeric materials into precisely-positioned, three-dimensional networks of
suspended, micro- and sub-microscale fibers. High molecular weight PMMA test
solutions were drawn into arrays of fibers using the "Direct-Write" technique as shown
in Fig. 2-2. A syringe is loaded with polymer solution and affixed to a programmable,
ultra-high precision micromilling machine. The tip of the syringe needle is positioned
above a glass slide substrate and continuously pressurized with weights to expel the
PMMA solution until a pendant droplet of solution contacts the substrate. The
syringe is then lifted 1 mm and shifted laterally, drawing this droplet into an extended
filament of polymeric liquid. Additional contact points are produced by lowering the
syringe such that the pendant droplet at the end of the syringe makes contact with
substrate. Careful control of the stretching rate, the final aspect ratio of the fiber,
capillary thinning and drying is necessary to avoid breakup and reach the desired
equilibrium diameter. Having a detailed description of the dynamics, balance of
forces and establishing design guidelines for spinnable polymer solutions leading to
microfibers or nanofibers is the goal of this thesis.
2.2 Uniaxial elongational flow
Both the "Brush-On" process and the "Direct-Write" process involve elongational
flows. In this section, we study the kinematics and material functions associated with
the shear-free rheometric flow called uniaxial elongational (or extensional) flow. They
are explained in details in the books by Bird et al. [15] or Morrison [16].
2.2.1 Kinematics
R r
L
Figure 2-3: Schematic of uniaxial elongational flow. The point O (z = 0, r = 0) at the
center of the fiber is a stagnation point. The plane z = 0 is called the midfilament.
The uniaxial elongation of a cylindrical specimen of initial radius Ro and length Lo
is a stretching flow in the axial direction z so that its radius decreases uniformly along
the length, as shown in Fig. 2-3. For a homogeneous shear-free flow, the kinematics
is independent of spatial position. The flow is irrotational, and the velocity-gradient
tensor is given by:
VV = 2 E 0 -1 0 (2.1)
0 0 2
where (t) is the extension rate. Positive values represent elongation, and negative
values lead to biaxial stretching. If the extension rate is constant with time such that
(t) = o, then the flow is steady in the Eulerian sense. At any position along the
cylinder, the velocity gradient is constant with time and an element of fluid expe-
riences a motion with constant stretch history. The flow pattern that this velocity
profile describes is an axisymmetric two-dimensional flow, with a strong stretch oc-
curring in the z direction and contraction occurring equally in the x and y directions.
A representation of the velocity field and the particle path lines can be found in Mor-
rison [16]. The only stagnation point in elongational flow is the particle located at
the centerline and at the midfilament, represented by the point O (z = 0, r = 0) in
Fig 2-3. In the remainder of this thesis, the midfilament represents the plane z = 0.
From conservation of volume and integration of the components of Eq. (2.1), the
length and diameter at any time t of the liquid thread can be computed as:
L(t) = Loexp( ot) R(t) = Roexp(- ot) (2.2)
The natural strain measure arising from such a deformation is the logarithmic or
Hencky strain [17] given by:
e = eot = ln(L(t)/Lo) = -21n(R(t)/Ro) (2.3)
From, Eq. 2.2, we can show that two fluid particles will separate exponentially in time,
which is different than the linear separation expected at long times for a steady shear
flow (for particles which are on different streamlines). This rapid particle separation
results from the fact that as particles on the z axis move in the z direction, they
accelerate in a linearly increasing fashion. This contrasts with the kinematics of
steady shear flow in which the acceleration is zero.
2.2.2 Stress tensor and extensional viscosity
The total-stress tensor II for a fluid undergoing homogeneous uniaxial extensional
flow is given by II = -p_ + T, where -p! is the isotropic pressure contribution and
T is the extra-stress tensor. In the start-up of uniaxial extensional flow, the fluid is
initially at rest and the extra stress is identically zero. At times t > 0, the constant
extension rate do is imposed, and the stresses grow in time as stretching progresses.
To quantify the resistance to stretching deformations, the material function of interest
is the transient extensional viscosity rI (E+ , t):
St = Tzz - T,,(2.4)
The extensional viscosity is defined as the steady-state value of the transient exten-
sional viscosity :
7E(e0) = lim r(0, t) (2.5)
t- oo
The extensional viscosity TIE is a material property of the fluid and is a function
only of the extension rate and temperature [18]. For a Newtonian liquid with a
constant shear viscosity p, substitution of the known kinematics into the Newtonian
constitutive equation gives:
Tz - Trr 2 io - (-pio)SE = 3y (2.6)70 60
This result is the Trouton viscosity, named after Trouton (1906) [19]. For viscoelastic
fluids in the limit of very low extension rates, simple fluid theory (Bird et al. [15])
shows that the steady-state extensional viscosity also approaches three times the zero-
shear viscosity. Most polymeric fluids have a strain-hardening behavior, which means
that their extensional viscosity increases with increasing Hencky strains.
2.3 Dynamics of liquid bridges
Dripping, jetting and necking of liquid columns have been studied since the end of
the 1 9 th century by Plateau and Rayleigh. In this section, we describe the dynamics
of axisymmetric liquid bridges constrained between two coaxial circular plates. The
driving force for thinning is provided by capillary forces or/and by stretching. Finally,
we review various articles in which elongational flows are coupled with heat transfer
or mass transfer.
2.3.1 Dimensionless groups
A Bulkflows of viscoelastic fluids
Free surface flows
of Newtonian fluids
Figure 2-4: The operating space and important dimensionless parameters for visco-
elasto capillary thinning and breakup (from McKinley [20]).
In the liquid bridge geometry, stretching or capillarity is the driving force for
thinning, and is resisted by viscosity, elasticity and inertia. The dominant balance
of forces depends on the relative magnitudes of each physical effect and can be ra-
tionalized by a careful dimensional analysis of the problem. The results have been
represented on a diagram in a review by McKinley [20] and are shown in Fig. 2-4.
Figure 2-5: (a) Sequence of experimental images of the formation and evolution of
beads-on-a-string during a CABER experiment (from Oliveira et al. [21]). (b,c) Effect
of viscosity on the morphology of PEO electrospun nanofibers (from Fong et al. [22]).
The viscosity is increased from 32 cP in (b) to 1250 cP in (c).
The definition and description of the main dimensionless groups is reported in Ta-
ble 2.1. V and 1 are characteristic velocity and length scales for the flow of interest
and p, lo, A0 are the density, viscosity and longest relaxation time of the test fluid.
In Fig. 2-4, we see that the slopes formed by the elasto-capillary number Ec, the
elasticity number El and the Ohnesorge number Oh do not include the velocity V
and are thus relevant to study fixed length liquid bridge in which the system does
not have an imposed velocity scale. The Ohnesorge number compares inertial and
viscous effects and can be thought as the inverse of a Reynolds number based on a
characteristic capillary velocity V = a/n0. The elasticity number El compares elas-
tic effects to inertia. When inertial effects dominate viscous effects (Oh << 1) or
over elastic effects (El << 1), the liquid bridge can become unstable and lead to
the beads-on-string morphology (see Clasen et al. [23] and Fontelos & Li [24, 25]).
Beaded nanofibers can be formed during the electrospinning process [26] and Fong
et al. showed the importance of elasticity on the formation of beads-on-string [22].
If uniform fibers are to be fabricated during the "Brush-On" process, then inertial
effects should be negligible (Oh >> 1 and El >> 1). The processes of interest in
this thesis thus lie in the left-hand vertical plane (inertialess flows). The combined
importance of elastic and capillary effects compared to viscous stresses is measured
by another dimensionless parameter which can be referred to as an elasto-capillary
number Ec. Bousfield et al. [27] were the first to study the nonlinear evolution of
viscoelastic fluid jets and showed that increasing the elastocapillary number resulted
Name Expression Description
Reynolds Re = pV1/7o inertia/viscous stress
Weissenberg Wi = AV/1 elastic stress/viscous stress
Elasticity El = Wi/Re = r0A/pl 2  elastic stress/inertia
Capillary Ca = 7oV/a imposed velocity/capillary velocity
Ohnesorge Oh = Ca/Re = r,/pal 1/Re with V = capillary velocity
Elastocapillary Ec = Wi/Ca = Au/ijol elastic stress/capillary stress
Table 2.1: Definition and description of the main dimensionless groups for visco-elasto
capillary thinning.
in strong stabilization of the jet. For the "Direct-Write" process, stretching the liquid
bridge imposes a velocity scale and the effects of stretching are compared to thinning
effects by the capillary number Ca. Section 3.2 will build on this preliminary analysis
to identify and explain the relevant dimensionless groups governing the physics of the
"Brush-On" and "Direct-Write" processes.
2.3.2 Fixed length liquid bridges
In a fixed length liquid bridge, a column of fluid between two circular, coaxial and fixed
separation plates goes under the action of capillary forces, resulting in an extensional
flow. There is no imposed velocity scale in this problem, and the term "self-thinning"
is often used.
The CABER experiment
The fluid dynamics of fixed length liquid bridges has been studied extensively utilizing
the Capillary Breakup Extensional Rheometer (CABER). The capillary thinning tech-
nique was introduced in 1990 by Bazilevsky et al [28]. A schematic of the machine,
the sensor and the software output is shown in Fig. 2-7 (from Thermo Scientific).
A small quantity of sample (< 1 ml) is placed between two circular plates. The top
plate is rapidly separated from the bottom plate at a user-selected strain rate, thereby
forming an unstable fluid filament by imposing an instantaneous level of extensional
strain on the fluid sample. After cessation of stretching, the fluid at the mid-point of
the filament undergoes an extensional strain rate defined by the extensional proper-
Figure 2-6: Sequence of images of the CABER experiment. (a) For a Newtonian
silicon oil. (b) For a viscoelastic fluid (Boger fluid PS025).
fluid filament laser micrometer
Figure 2-7: Schematic of the CABER apparatus, laser sensor and software output
(from Thermo Scientific http://www.thermo.com).
ties and the surface tension of the fluid. A laser micrometer monitors the midpoint
diameter of the gradually thinning fluid filament as a function of time. Fig. 2-6 shows
a comparison of a sequence of images during a CABER experiment for a Newtonian
silicon oil and for a fluid with high elasticity (Boger fluid PS025). The silicon oil
breaks into two droplets without forming a filament whereas the elastic fluid forms
a very uniform thread before breaking-up. The rheology of the fluid is thus a key
parameter determining thinning behavior. We need to understand in detail the force
balance during a thinning experiment to extract the material properties of different
types of fluids.
Force balance
The dynamics of necking threads and their evolution to breakup are described by
similarity solutions, which are valid for slender threads all the way to the singular
point of break-up. Many of these developments are discussed in detail in the review of
Eggers [29]. Similarity solutions have also been discovered for the case of viscoelastic
fluids, chiefly through the studies of Renardy and have also recently been reviewed
in Rheology Reviews 2004 [30]. The relevant similarity solution for a particular
experimental configuration depends on the relative magnitudes of the visco-capillary,
inertio-capillary and viscoelastic time scales. The "Brush-On" and "Direct-Write"
processes involving viscous flows, we only focus on inertialess similarity solutions in
this section.
Newtonian Weakly Elastic Fluid Elastic Fluid
)i i
Figure 2-8: Evolution of the midfilament radius in a CABER experiment predicted
by analysis of the force balance (from McKinley [20]).
The appropriate system of equations for capillary thinning of an inertialess vis-
coelastic fluid thread with a time-varying tensile force was first discussed and ana-
lyzed by Renardy [31, 32] using a slender body approximation. It has been shown that
these one-dimensional equations can accurately reproduce full two-dimensional, time-
dependent, simulations with both the Newtonian and Giesekus constitutive equations
[33]. An even simpler zero-dimensional solution is possible if the fluid thread is ap-
proximated as an axially-uniform cylindrical column of constant radius R(t) which is
necking down under the action of a capillary pressure c/R, where a is surface ten-
sion. The fluid blobs at either end plate serve as quasi-static reservoirs which soak
up the fluid drained into them from the necking region. The axial tension acting at
the junction of the cylindrical surface and spherical blob then results in an axial force
Fz = 27roR(t). For a cylindrical filament, the extension rate is given by:
Ov 2 dR
- R (2.7)8z R dt
where v(z, t) is the axial velocity. The resulting approximate stress balance is:
3 2R - ( - T) (2.8)
k\R dt R \(2.8)
where r1, is the solvent viscosity, T' - TPr the polymeric stress difference. Depending
on the rheology of the fluid, the integration of this equation will lead to different
results, and some examples are summarized in Fig. 2-8. Integrating Eq. 2.8 for a
Newtonian fluid (TP - TP = 3rp) gives a linear decrease of the radius:
R = Ro - t  (2.9)
6TI0
where r0 = 2 s + %p. When the axial curvature is taken into account, McKinley &
Tripathi [34] demonstrated how to correctly analyze measurements of the midpoint
radius. The nonlocal effects arising from axial variations in the shape of the filament
are encoded in the time-evolving tensile force Fz (t). They defined a dimensionless pa-
rameter X(t) = F (t) which is equal to unity when the axial gradients are negligible2lTUR,-id
(uniform thread). In the case of a viscous Newtonian fluid (Oh >> 1, Ec << 1), the
analytical expression of the radius as a function of time follows the similarity solution
derived by Papageorgiou [35], and gives X = 0.7127. The thread breaks linearly in
time and the midpoint radius decreases according to:
(2X - 1) a a
Rmid = Ro - -t = R - 0.0709-t (2.10)6 no no
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Figure 2-9: Dimensionless radius as a function of dimensionless time for a FENE
fluid (from Entov & Hinch [36]) with different finite extensions limits. We can iden-
tify at early times the linear decrease of visco-capillary equilibrium, followed by an
exponential decrease at intermediate times corresponding to elasto-capillary equilib-
rium. At late times, the finite extensibility of the chains leads to a highly anisotropic
Newtonian fluid and the radius decreases linearly until breakup.
When elastic effects become important, the dynamics of necking change signifi-
cantly due to the additional elastic stresses that grow exponentially with the total
strain in the fluid thread. For the Oldroyd-B model this leads to an exponential
decrease in the thread radius. The crossover to this elastic-capillary balance is to be
expected when the viscoelastic time scale A becomes of the same order as the visco-
capillary, and this crossover has been observed in both numerical simulations [27, 36]
and experiments [37]. For an Oldroyd-B fluid with no inertia (Oh >> 1) and high
elasticity (Ec > 1) Entov & Hinch [36] found that the radius decreases exponentially
in time:
R = Rie-t/3A (2.11)
where A is the viscoelastic timescale of the polymeric fluid and R1 is the radius at
the crossover between visco-capillary equilibrium and elasto-capillary equilibrium.
Ultimately, finite extensibility modifies this solution and the precise form of the cor-
responding similarity solution then depends on the relative importance of inertia and
also on the precise form of the constitutive model [25]. If the extensional viscosity
approaches a constant value at large strain rates, then the corresponding tensile stress
increases linearly with strain rate and the fluid acts like a highly anisotropic Newto-
nian fluid thread [36, 25]. As derived earlier the thread then necks linearly in time
until breakup. The different stages of capillary thinning of a viscoelastic fluid with
Ec > 1 and Oh >> 1 are shown in Fig. 2-9 (for a FENE constitutive equation).
2.3.3 Stretched liquid bridges
The "Direct-Write" process presented in Section 2.1.2 involves stretching at a constant
velocity of the filament by moving the needle delivering the fluid. It is thus interesting
to review the literature on the dynamics of stretched liquid bridges, in which the plates
are actively separated with a given velocity profile.
Exponential stretching
Section 2.2 showed that in order to produce an extensional flow with a constant strain
rate o0, the plates must be separated exponentially in time. To explore the extensional
properties of fluids, the Filament Stretching Extensional Rheometer (FISER) is used.
Variants of FISER were introduced by Matta and Tytus [38], Sridhar et al. [39],
Tirtaatmadja and Sridhar [40] and reviewed by McKinley and Sridhar [41]. A fluid
sample is initially constrained between two coaxial circular plates to form a liquid
bridge and is subsequently elongated by the motion of either the upper or lower plates.
The tensile force of the liquid bridge and radius at the midfilament are monitored
during the experiment. A force balance is required to relate the measured force on
the endplate to the stress difference in the fluid and hence the extensional viscosity.
The most comprehensive treatment of the force balance is derived by Szabo [42].
Experiments (Spiegelberg et al. [43]) and numerical simulations (Yao et al. [331) show
that, for judicious choices of the initial aspect ratio, the flow field at the axial midplane
is, to a good approximation, purely extensional. The instantaneous deformation rate
experienced by the fluid element at the axial midplane of the filament is given by:
2 id -i (2.12)
Riidd dt
The transient extensional viscosity defined in Eq. 2.4 can then be extracted from
those measurements. Numerical simulations of the FISER experiment have been
implemented in two dimensions by several authors, for instance Yao et al. [33, 44]
and Bhat et al. [45]. At large strains (e > 2), the elongating fluid columns become
increasingly slender and axially uniform. The development of an appropriate self-
consistent equation set for slender viscoelastic fluid threads is described by Schultz
[46], and a Lagrangian formulation is detailed by Renardy [31]. The velocity-gradient
tensor becomes increasingly one dimensional and extension dominated as the filament
elongates. Contour plots of the deformation gradients determined from numerical
simulations show that the radial variations are indeed negligible, except in small
regions of axial extent near either endplate (see Yao & McKinley [33]). In these
regions, two-dimensional shearing flows arise. Such effects cannot be captured in the
one-dimensional kinematics. Outside those regions, numerical calculations show that
the slender-filament equations provide a good approximation to the full equation set
(Yao et al. [33]) and one-dimensional simulations have been implemented by Olagunju
[47].
Linear stretching
When the endplates are separated with a constant velocity, we will talk about linear
stretching. Linear stretching is used during the "Direct Write" process as the needle
moves with a constant velocity. Several authors used linear stretching of liquid bridges
to extract their rheological properties. To assess stringiness, Arnould et al. created
an instrument termed the "filancemeter" [49], studied in details by Zham et al. [50],
which is literally a spinnability meter. In the "filancemeter" device, the upper surface
Figure 2-10: Picture of a wind-up rheometer (from Connelly et al. [48]). The fluid
sample is constrained between a fixed flat blade with a round hole in its center and
a round shaft that rotates, leading to linear stretching.
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Figure 2-11: Evolution in
by the 2-D theory during
are included (from Zhang
time of the shapes of a Newtonian liquid bridge predicted
linear stretching. Effects of inertia, viscosity and gravity
et al. [7]).
confining the fluid is moved upward at a constant velocity. Spinnability characterizes
the ability of a fluid to be drawn into long threads under the effect of traction. From
Section 2.2, we know that this behavior is linked to the transient extensional visosity
r+ defined in Eq. 2.4. The spinnability corresponds to the maximum length of the
thread that can be drawn before it breaks. James & Yogachandran [51] also used the
breaking length of stretched liquid bridges to assess elasticity in extension of fluids
which are weakly elastic. Connelly et al. [48] investigated a wind-up rheometer for
elongational studies. An extruded rod of polymer is held between two supports at
constant gauge length. One end is fixed while the other end is wound on a rotat-
ing spindle, resulting in linear stretching. Zhang et al. [52] looked at the nonlinear
deformation and breakup of linearly stretched liquid bridges. They studied theoret-
ically and experimentally the evolution in time of the bridge shape and the rupture
of the interface. An example of numerical simulation for a stretched Newtonian fluid
is represented in Fig 2-11.
2.3.4 Drying in extensional flows
Simultaneous visco-elasto-capillary thinning and mass transfer has been studied by
Tripathi et al. [53] to characterize the processability of adhesives and other non-
Newtonian fluids. In this article, experimental data is compared to Lagrangian nu-
merical simulations, but the paper lacks a detailed study of the coupling between
mass transfer and the fluid rheology, as well as the various balances of forces during
the process. The effects of combined heat and mass transfer in extensional flows has
been studied extensively during the dry spinning process [8, 54, 55], involving forced
convection. Kojic et al. [56, 57] studied the rheology and the formation process of
spider silk. They performed numerical simulations explaining the removal of water
from a concentrated protein solution during elongational flow.
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Chapter 3
Model
This chapter presents the model used to describe viscoelastic liquid bridges going
under simultaneous stretching, capillary thinning and drying.
3.1 Problem statement
Reversed squeeze flow
z
StepStrain
(a) (b)
t = 0 t>O
Capillary thinning and drying
Solvent
(z=
(d)
Figure 3-1: Definition of the geometry and coordinate system for the first deformation
history. (a) Initial configuration of the cylindrical liquid bridge. (b) Step strain
modeled by a reversed squeeze flow leading to a fixed length liquid bridge, numerical
simulation begins at the end of this step. (c) Capillary thinning and drying between
fixed plates leading to break-up or fiber formation as shown in (d).
The system presented in Fig. 3-1 and Fig. 3-2 shows an axisymmetric liquid bridge
of a polymer solution of constant density p constrained between two circular disks of
radii Ro and initial separation of Li. The initial aspect ratio of the liquid bridge is
Capillary thinning
z
t>O
Linear stretching
Solvent
Reversed squeeze flow V
Stepstrain t 0
Simulation begins /
Solvent
R,d L t) LO + Vt
(a) (b) (c) (d) = 0
Figure 3-2: Definition of the geometry and coordinate system for the second defor-
mation history. (a) Initial configuration of the cylindrical liquid bridge. (b) Axial
deformation modeled by a reversed squeeze flow leading to a fixed length liquid bridge,
numerical simulation begins at the end of this step. (c) Linear stretching at constant
velocity V, until the final length Lf (d) Capillary thinning and drying between fixed
plates leading to break-up or fiber formation as shown in (d).
then defined as Ai = L/Ro. It is surrounded by ambient air at 23'C and the flow
is assumed to remain isothermal throughout. The surface tension a of the liquid-air
interface is spatially uniform and, for simplicity, is assumed to be independent of the
mass fraction of the binary mixture. It is certainly straightforward to incorporate a
concentration dependent surface tension, however such effects are small compared to
the large (exponential) changes in the bulk rheology, and inhibit our understanding of
the basic physics. The Newtonian solvent viscosity is noted 7, and remains constant.
The zero shear rate viscosity of the polymer Ipo(x), the relaxation time A(x), the
total viscosity io(x) = rs + po(x), are strong functions of the mass fraction x of the
high molecular weight polymer solution. The zero shear rate viscosity and relaxation
time at the initial mass fraction x0 will be respectively noted 7700oo = ro(x = x0o) and
Ao = A(z = x0).
When the top plate is set into vertical motion, the fluid filament deforms extensionaly
as illustrated schematically in Fig. 3-1 and Fig. 3-2. The fluid column is assumed to
remain axi-symmetric. At the beginning of the deformation shearing forces are caused
by the no-slip boundary condition along the upper and lower solid surfaces. Experi-
ments (Spiegelberg et al. [43]) and numerical simulations (Yao et al. [33]) show that,
for judicious choices of the aspect ratio, the flow field at the axial midplane is, to a
good approximation, purely extensional. The shear thinning behavior of the working
fluid will thus be neglected. In this study, the small size of the initial sample and
the large viscous and elastic contributions to the total force ensure that gravitational
body forces and inertia are negligible at all strains. This inertialess regime leads to
an axially symmetric profile about the midplane of the filament. The physical prob-
lem is formulated in a cylindrical coordinate system with its origin located at the
center of the bottom disk. For the axisymmetric situations of interest in this work,
the problem does not depend on the azimuthal coordinate. The final aspect ratio
Af = Lf/Ro being a large parameter, a slender body approximation is used to reduce
by one the spatial order of the time-dependent 2-D mathematical problem [35, 46].
The kinematics of the motion is therefore essentially one dimensional, and all vari-
ables can be averaged on a cross section and regarded as functions of the position z
and the time t. The limits of this approximation compared to a full two dimensional
axisymmetric description of the capillary thinning process in non-Newtonian fluids
has been studied by Yildrim et al. [58] and Yao et al. [33].
We consider two different types of deformation history. They are each composed
of two stages: uniaxial stretching followed by an instantaneous deceleration of the
endplate. At t < 0, the profile is a uniform liquid column of aspect ratio Ai < 1.
The slender body approximation prevents us from imposing the no-slip condition at
the endplate. As a consequence, in the 1D formulation the sample slips along the
plate and no curvature will be generated upon stretching on a uniform liquid bridge.
A lubrication approximation based on the squeeze flow problem, presented in Sec-
tion 3.4 is required to compute a profile of aspect ratio Ao, shown in Fig. 3-1(b)
and Fig. 3-2(b). This profile is used as an input in the subsequent numerical sim-
ulation starting at t = 0. The first deformation history is represented in Fig. 3-1
and simulates fixed length liquid bridges. The liquid bridge of aspect ratio Af = A0
goes under capillary thinning and drying between the two fixed plates, as shown in
Fig. 3-1(c). This model describes the CABER experiment or the "Brush-On" process.
The lubrication approximation is used to model a step strain that opens the liquid
bridge for a CABER experiment. In the second deformation history, represented in
Fig. 3-2, the liquid bridge of aspect ratio A0 is stretched linearly with a constant
plate velocity V, (Fig. 3-2(c)) up to the final aspect ratio Af > A0. The plate is
instantaneously stopped and the resulting liquid bridge necks under the effect of cap-
illary forces (Fig. 3-2(d)). This deformation history will be used to model the "Direct
Write" experiment.
3.2 Governing equations
Under the assumption of a slender inertialess jet, the mass and the momentum con-
servation laws can be considerably simplified [29, 59]. Similar derivations were imple-
mented by Li & Fontelos [24] and Clasen et al. [23] to study beads-on-string struc-
tures. To non-dimensionalize the governing equations, we select the radius of the end-
plates Ro as a characteristic length, and the visco-capillary time scale tcapo = rooRo/a
as a characteristic time for evolution of the thread. This leads to the following di-
mensionless variables: z* = z/Ro, v* = V/(Ro/tcapo), t* = t/tcapo, II* = l/(u/Ro),
where II is the stress in the fluid.
Five dimensionless groups can be identified; one describing the initial geometry of
the thread, one measuring how concentrated the initial solution is, two describing the
fluid dynamics of the process itself and one quantifying how fast stretching occurs.
These are defined as follows:
Elasto-capillary number: Eco = Ao/tcapO A 0/T 00oRo
Processability number: P0 = tcapO/tevapO = hmTroo00
Aspect ratio of the liquid bridge: Ao = Lo/Ro
Initial solvent viscosity ratio: 3s = tcapS/tcapO = 0s/loo
Capillary number: Cao = rjooVp/u
The elasto-capillary number compares the relaxation time of the polymer solution
at initial mass fraction A0 to the visco-capillary timescale tcapO. It can thus also be
understood as a Deborah number, in which the extension rate of the self-thinning
scales like the inverse of the capillary time. The parameter is compares the visco-
capillary time scale of the solvent tcapS = rs/Ro/u to the one of the polymer solution
tcapo = rooRo/o. The capillary number compares the stretching velocity V to the
capillary velocity al/oo. A more extensive discussion of these dimensionless groups
can be found in the review by McKinley [20]. The processability number, defined by
Tripathi et al. [53], compares the evaporation time-scale t,,apo = Ro/hm, where h, is
a mass transfer coefficient (with units of m/s), to the visco-capillary time scale of the
polymer solution tcapO. These variables along with the dimensionless parameters are
used in obtaining the non-dimensional governing equations and boundary conditions
of the problem. For convenience, we drop the asterisk notation in the remainder
of this thesis and do not explicitly identify variables as dimensionless. We denote
the dimensionless radius of the spatially and temporally evolving bridge as h(z, t) =
R(z, t)/Ro.
3.2.1 Continuity equations
z z +dz z z+dz
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Figure 3-3: Schematic of the parameters and control volume used to derive continuity
and momentum equations.
We assume that the solvent and polymer have the same axial velocity v(z, t).
During the filament thinning process, the volatile solvent component evaporates from
the solution and we thus need to distinguish between the two components in the
continuity equations. The mass balance for the polymer on a control volume shown
in Fig. 3-3(a) delimited by the cross sections between z and z + dz gives:
( t = (vwR2 x) (z,t) - (v7R2 x)l(z+dz,t)
at
where v(z, t) is the axial velocity and x(z, t) the mass fraction of polymer in each
slice.
Using a Taylor expansion and dimensionless variables, the continuity equation for the
polymer becomes:
D(h2x) (vh 2)t + z = 0 (3.1)
For the solvent, an additional term describing mass transfer at the air-liquid in-
terface appears in the continuity equation. The thinning process occurs in ambient
conditions and does not involve forced convection by blowing air. Convective mass
transfer is thus negligible and it is assumed that the process is controlled by diffusion
of the solvent in both the viscous liquid and the gas phase. The continuity equation
for the solvent phase is:
(R t2 (1 - x)dz) = (vwR 2(1 _ x)) (z,t) - (vrR2(1 - x)) (z+dz,t) + 27RR---dz
at p
where rh is the mass flux of evaporating solvent per unit surface area. The comparison
between internal resistance in the liquid and external resistance in the air must be
implemented using the respective mass transfer resistances in both phases. It does
not seem accurate to talk about a mass transfer Biot number since the process does
not involve convective mass transfer in the air phase. We will note x,(r, z, t) the local
mass fraction of solvent in the system. The variable x introduced before is defined by
a one-dimensional average over a cross section in the liquid phase x = , Ro - x,)dr.
Fig. 3-4 shows a schematic of the transient diffusion problem in a typical cylindrical
element. In the liquid phase, the diffusion coefficient Dsl(xs) is a strong function of
the mass fraction of solvent x, present at time t in the increasingly viscous polymer
solution and the driving force for diffusion is x1, 0 - x1i, i.e. the difference between
mass fraction of solvent at the centerline and at the interface. In the gas phase, the
diffusion coefficient D,9 is taken to be independent of the mass fraction of solvent
and the driving force is xg,i - zx,, the difference between mass fraction of solvent
at the interface and far from the cylinder surface at infinity. In our study, non
aqueous solvents were used and xg,0 = 0. Assuming thermodynamic equilibrium at
the interface liquid-air, we can relate the mass fraction of solvent at the interface in
the liquid and gas phase using Raoult's law, which combined with Dalton's law [60]
gives:
x p g a x (3.2)
s, i  s i = p s,i
where po is the vapor pressure of solvent at 230 and p is the atmospheric pressure.
The dimensionless parameter a, = P- is the partition coefficient.
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Figure 3-4: Schematic diagram of the diffusive mass transfer problem for a slice of
the filament. Transient diffusion in the liquid phase has a driving force x9,o - xis,i,
i.e. the difference between the solvent fraction in the liquid at the centerline and
at the interface. Transient diffusion in the gas phase has a driving force xgi - x,oo,
corresponding to the difference between the solvent fraction in the gas at the centerline
and at the infinity. Ds5 (x) is the diffusion coefficient of solvent in liquid, D,g(xs) the
diffusion coefficient of solvent in gas. a, is the partition coefficient.
We can define an overall mass transfer coefficient for the liquid phase h, and for
the gas phase hg so that the mass flux of solvent r4 is:
rh = ph(x ,0 - X=) rh = phg X (3.3)
Defining 61 and 6g respectively the boundary layer in the liquid and the gas (as shown
in Fig. 3-4, and noting that when diffusion in the liquid is fully developed 61 = R, the
mass transfer coefficients scale as:
(D 81 (xs) Ds,(xs)( Ds1() Ds,(x (3.4)ht a max R max R (34)
h D sg (3.5)
We can compute an average mass transfer coefficient hm based on the driving force
1, 0  - ps,oo = s,
1 1 1
S- (3.6)hm aphg hi
This two-film resistance theory was proposed by Lewis and Whitman in 1924 [61].
Depending on the length scale of the filament and the diffusion coefficients, the re-
sistance in the liquid or the gas may dominate, but this theory covers both cases
by providing an average hm, which depends on time as the filament shrinks and the
solvent evaporates. The final expression of the dimensionless continuity equation for
the solvent is:
S)) vh 2 1 )) + 2hPo(1 
- x) = 0 (3.7)
at Oz
where h(z,t) = R(z,t)/Ro is the dimensionless radius and Po = hrloo/la is the
processability number.
3.2.2 Equation of motion
Radial force balance
We write a quasi-static equilibrium on the control volume shown in Fig. 3-3(b). The
total radial stress IIrr is balancing the capillary pressure 2HU. The radial force
balance gives:
II,r = Trr - p = -2Hu (3.8)
where T,, is the radial component of the extra stress tensor, p the pressure and H
the mean curvature defined by:
1 1 R__ _
2H 1 2 R,zz 3 (3.9)
R ( 1 + Rz (1 + R2z)3
where , z and , zz are respectively the first order and second order partial derivatives
with respect to z.
Axial force balance
The axial force balance integrated on the control volume shown in Fig. 3-3(c) delim-
ited by the cross sections between z and z + dz gives:
a(R 2 )= - -pR 2 + R 2 zz + 2uRcos(O))at -Oz
where IIzz is the total axial stress. The left hand side represents the variation of
momentum in the control volume. The first term in the right hand side is the flux of
momentum. The second term is the variation of the bulk forces acting on the control
volume. The last term is the variation of the capillary line forces. 0 is the angle
projecting the capillary line force on the z axis. Using differential geometry, we can
derive:
cos(0) =
(1+ R2 )
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We know that ,,IIzz = Tzz - p. Extracting p from Eq. (3.8) and plugging in the
expression of cos(O), we have:
( vR 2  v2 Tzz Trr ,zz (3.10)t Oz Oz R R (1 + Rz) (1+ Rz)
Neglecting inertial terms on the left hand side of Eq. (3.10) and rewriting in dimen-
sionless form, we obtain:
__ 1 hzzSh2 h( + h2( Tzz - Trr) = 0 (3.11)
Another detailed derivation using a radial expansion method can be found in the
review by Eggers [29]. The capillary term includes the full mean curvature. As
shown by Papageorgiou [35], keeping the full curvature term in Eq. (3.11) is not for-
mally asymptotically correct. However, several authors [62, 58] have also adopted
this approach; the main reason for retaining the full curvature term is that the result-
ing set of 1-D equations then predicts the equilibrium shapes of static bridges exactly.
We separate the solvent contribution T' and the polymer contribution TP in the
extra stress tensor:
T = " + TP (3.12)
The Newtonian solvent stress difference for an extensional flow can be expressed as:
Ov
Tz - Tr = 3 8 (3.13)
where 3r, is the extensional viscosity or Trouton viscosity of the Newtonian solvent.
The final expression of Eq. (3.11) can be written:
0 By h h2hzz
33h + + z 3 h (Tz - Tr ) = 0 (3.14)Oz z (1 + h2) )- (1 + h2)
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The sum of the terms in the square brackets can be identified as the tensile force in
the filament. In the inertialess regime, this tensile force is uniform along the axial
coordinate and depends only on time. It has three contributions, a Newtonian solvent
stress 3s , a capillary stress + hzz and a non-Newtonian polymeric
stress difference Tz - TPr.
The boundary conditions for this problem are v = 0 at z = 0 and v = V, at z = A(t).
Because of the slender body approximation, the radial no-slip condition cannot be
satisfied exactly at the end plates. However, numerical studies show this does not
affect the thinning dynamics of the central portion of the filament significantly [33, 58].
The initial conditions are Tzz = Tr = 0, x = xo at t = 0. The computation of the
initial profile will be described in Section 3.4. The initial velocity profile is computed
by solving the constraint of Eq. (3.14) using the initial conditions we just defined and
the initial profile of the filament.
3.3 Constitutive equations
rAp,(X)
' o(x) 7p(X)
Polymer contribution to stress
Solvent contribution to stress
Figure 3-5: Mechanical equivalent of the Giesekus model.
To describe the viscoelastic contribution to the stress in concentrated polymer
solutions, we use a single mode Giesekus model [63], in which relaxation time and
viscosity are allowed to depend on concentration. We choose a single relaxation time
for simplicity; a detailed comparison of the dynamics with a spectrum of relaxation
times in the absence of solvent evaporation has been provided by Yao et al. [33] for
stretching flows and Entov & Hinch [36] for fixed length liquid bridges. The Giesekus
model is a constitutive equation with nonlinear quadratic stress terms which describes
the rheology of semi-dilute and concentrated polymer solutions (see Bird et al. [15]
for more details). The model is written as a superposition of solvent and polymer
contributions, T8 and T P , which is the form in which constitutive equations derived
by kinetic theory arise naturally for polymer solutions. A mechanical equivalent is
represented in Fig. 3-5. It is composed of a viscous unit for the solvent in parallel with
a viscoelastic unit for the polymer. The Giesekus model contains four parameters:
a relaxation time A, the solvent and polymer contributions to the zero-shear rate
viscosity rq, and %o, and a dimensionless mobility factor a. The parameter a can be
associated with anisotropic hydrodynamic drag on the constituent polymer molecules
in the polymer solution. When a = 0, we recover the convected Jeffreys model also
called the Oldroyd-B model [15]. The solvent contribution to the stress has already
been taken into account in Eq. (3.13). The polymer contribution to the stress follows
the following differential equations in dimensionless form:
TPzz+Eco z + v Z - 2 T + 0 ( 0-Z) aEco(TPz) 2 0Ao at Oz 8z z Ao Op (00 O
(3.15)
S+ Ec (x) (Tpr + V A(x) ooT - o() Ov
TX+Eco A0  + + + A0  aOEco(TR)2 = loAo at +  z Tz o 0 (x) T1oo Oz
(3.16)
where / = 1-f3 = r1o(x = xo)/ oo. In the case of very low solvent viscosity compared
to polymer viscosity (7, << p0o), we can approximate po0 o 7  in the constitutive
equations. The terms a and '7(x) represent the dependence on concentration of the
rheological properties of the polymer solution and will be determined experimentally
in Section 4.2.
An analytical solution for start-up of steady planar and uniaxial elongational flow
with the Oldroyd-B model can be found in Dynamics of Polymeric Liquids, by Bird et
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Figure 3-6: Dimensionless steady-state extensional viscosity as a function of De =
A for shearfree flow of a Giesekus fluid. As = 0.001 and different values of a are
represented.
al. [15] (with no solvent evaporation). Oldroyd-B fluids show strain-hardening, which
corresponds to an increase in extensional viscosity as the Hencky strain is increased.
Ultimately, the extensional viscosity reaches a steady value at high strains. The
steady extensional viscosity for a Giesekus fluid is represented for various values of
a in Fig. 3-6. Provided a # 0 the steady-state extensional viscosity is bounded and
reaches a constant value nE e 2npo/a at large strain rates. When a = 0, the steady
state viscosity goes to infinity.
3.4 Modeling formation of the initial filament
Because the no-slip boundary condition cannot be imposed at the end-plates when
using the slender body approximation, stretching or capillary thinning of a uniform
liquid bridge will not create curvature in the profile. The concave shape of the filament
must be appropriately initialized. We model it by a lubrication analysis based on the
reversed squeeze flow problem for a Newtonian fluid. In the classical squeeze film
flow problem of Stefan [15], two disks are forced together at a specified rate. This
lubrication solution has already been used in extensional rheometry by Spiegelberg
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Figure 3-7: Deformation of a set of Lagrangian points in a reversed squeeze flow. The
profile is reported for three Hencky strains: e = 0, E = 1 and Co = ln(Ao/Ai)
et al. [43] and Bach et al. [64] and is a good approximation for small deformations,
even for non-Newtonian fluids because at small strains the viscoelastic stresses in the
fluid are small and the response is dominated by the Newtonian stress. We choose
a reference set of Lagragian points Zo, initially located on a cylindrical free surface
of dimensionless radius h(t = 0) = 1 as shown in Fig. 3-7. The initial aspect ratio
is Ai < 1. A constant axial extension rate E is imposed on the liquid bridge. The
radius of the plate Ro is used as a lengthscale, and we use 1/E as a timescale. The
dimensionless time is therefore equivalent to the imposed Hencky strain e = t. The
position of the particles (Rub, Zlub) at the final aspect ratio A0 can be computed
using a Lagrangian framework, giving the following dimensionless equations for the
lower half of the fiber (Zo < 1/2).
Zlub = [ ( ec (3.17)
2 (2Zo - 1)2 + 4Z o0(1 - Z )e- (3.17)
3Rub = [(2Z0 - 1)2 - 4Zo(Zo - 1)e-E] (3.18)
The coordinates of the points in the upper half of the fiber are given by symmetry.
The aspect ratio Ao corresponds to a total Hencky strain Eo = ln(Ao/Ai). The profile
at c = 0, c = 1 and Ec is represented in Fig. 3-7.
The numerical simulation presented in Chapter 5 is implemented on a Eulerian mesh,
with a fixed mesh size Az. The initial profile must be computed on this mesh, and
a transformation from a Langragian framework to a Eulerian framework must be
implemented. A natural way to do it is to interpolate the result of the reversed
squeeze flow problem on the Eulerian mesh. But Eq. (3.14) shows that the second
derivative of this interpolated curve must be calculated. Even with quadratic or cubic
interpolation, h,zz showed significant oscillations. This problem was solved by finding
the analytical function Rlub = f(Zlub). Zo is calculated analytically using Maple by
solving the second order equation Eq. (3.17) and plugged into Eq. (3.18). The solution
has a very complex expression and is reported in Appendix B.
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Chapter 4
Fluid characterization
Poly(methyl-methacrylate) (PMMA), an amorphous thermoplastic polymer is used
in all the experiments (Aldrich, CAS number 9011-14-7). PMMA was chosen for
its optical properties by Dr. Cohn's group in the ElectroOptics Research Institute
& Nanotechnology Center at the University of Louisville. To compare our model
with experimental data from this research group, we use the same polymer solu-
tion. The average molecular weight is M, = 996 kg/mol. A polydispersity index
of M,w/M, = 2.5 was determined with a Gel Permeation Chromatograph (Waters
2487, 1525, 717, 2414), and the onset of glass transition was found at Tg = 119 0 C
using DSC (TA instrument Q1000). Both instruments were used at the Institute for
Soldier Nanotechnology (ISN). The polymer is dissolved in chlorobenzene, a good
solvent, and solutions ranging from 10 wt.% to 35 wt.% polymer mass fractions were
prepared. Gentle heat (T = 800C) and occasional stirring was utilized to accelerate
the dissolution of the polymer. Solutions were inspected for homogeneity and optical
clarity to confirm complete dissolution.
4.1 Concentrated polymer solutions
For homogeneous solutions of a linear polymer, the Huggins Equation describes the
solution viscosity as:
qsp(C) = [r]1 c + kH ([r] C)2 + ... (4.1)
Physical properties of PMMA/chlorobenzene VlGlass transition temperature of PMMA (Tgl) (from Aldrich)
Glass transition temperature of chlorobenzene (Tg2) [65]
Diffusion coefficient of PMMA
in chlorobenzene (Ds) [66]
Diffusion coefficient of chlorobenzene in air (Dg) at 250C
Surface tension of concentrated solutions (a)
Viscosity of chlorobenzene at 200 C (,q,)
Atmospheric pressure (p)
Vapor pressure of chlorobenzene at 250 C (ps) (from MSDS)
Mark-Houwink coefficients for PMMA
and benzene at 30 0C [67]
Melt entanglement molecular weight
398 0K
1280 K
7.24 x 10- 11 m2/sx
exp _0.240( 0.0277+(1-x)2.19
7.3 x 10-6 m2/s
0.04 N/m
0.8 x 10-3 Pas
1.013 x 105 Pa
1580 Pa
a = 0.76
K = 5.2 x 10- 6 m3/k
(M)met = 7000 g/mo
Table 4.1: Physical and rheologic properties of PMMA and chlorobenzene solutions
where %,,(c) = 700-9 is the specific viscosity, [71] is the intrinsic viscosity, c is the
polymer concentration, and kH is the Huggins coefficient. In this report, we will note
the concentration of polymer c and the mass fraction x = c/p. In dilute solutions,
where polymer chains do not overlap each other, we have [i] c < 1. In Eq. (4.1),
the intrinsic viscosity is the initial slope of the plot between specific viscosity and
concentration. It can be related to the molecular weight M. of a linear polymer by
the Mark-Houwink equation [71] = KMa, where the constants K and a depend on
the polymer, solvent and temperature. Good solvents typically have 0.7 < a < 0.8
and theta solvents a = 0.5. In the literature [67], data is available for PMMA in
benzene at 250 C: K= 5.2 x 10- 6 m3/kg and a = 0.76 (chlorobenzene is a good
solvent for PMMA), which leads to [r7] = 0.188 m3/kg. We will assume that the
same parameters can be used for our chlorobenzene based system. The critical chain
overlap concentration c* is the crossover concentration between the dilute and the
semidilute concentration regimes. Physically, the critical chain overlap concentration
is the point at which the self-concentration inside a single macromolecular chain equals
the overall solution concentration and can be expressed in the form [68]:
c* = 0.77/[I] (4.2)
Value
g
l
For PMMA (Mw = 996 kg/mol) in chlorobenzene, Eq. 4.2 gives c* = 4.1 kg/m3
0.4 wt.%. The different regions of viscoelastic behavior can be presented in a Graessley
diagram [68] using a concentration-molecular weight diagram. The Graessley diagram
for PMMA in chlorobenzene is represented in Fig. 4-1.
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Figure 4-1: Graessley diagram for PMMA in chlorobenzene. The filled circle repre-
sents the overlap concentration for M = 996 kg/mol. The range of solutions used in
this study lies in the concentrated entangled regime.
In the semidilute unentangled regime, the concentration is large enough to have
some chain overlap (c > c*) but not enough to cause any significant degree of entan-
glement. As the concentration is further increased, we reach the semidilute entangled
regime. The crossover of concentration from the semidilute unentangled to semidi-
lute entangled regime is referred to as the critical entanglement concentration, ce. In
other words, ce marks the distinct onset of significant chain entanglements in solution.
Graessley [69] reports that entanglement mass fraction xz = (-Mw/(Me)met) -1/1.3,
where (Me)melt = 7000 g/mol is the entanglement molecular weight of a PMMA
melt, which leads to Xe = 2.2 wt.%. The topological constraints induced by the
larger occupied fraction of the available hydrodynamic volume in the solution, intro-
duce chain entanglements. When the concentration is further increased, we finally
reach the concentrated entangled regime. The border between those two regimes is
typically in the range 0.1 < c++ < 0.2. The lowest mass fraction of 10 wt.% used in
this study is more than twenty times the overlap concentration and about five times
the entanglement concentration. According to the Graessley diagram, all solutions
are in the fully concentrated entangled regime.
Within the concentrated entangled region, the entanglement network evolves as the
solvent evaporates. At early times, because of the considerable amount of solvent
present, the solution can be regarded as a short range entanglement network. The
low entanglement density allows viscous flow before solidification or significant elastic
strain. During evaporation, the filament becomes an increasingly entangled network,
which indicates that a given polymer chain in the network is entangled with other
chains at a large number of points along its length. This drastically restricts the mo-
tion of the chains, thereby dramatically increasing the relaxation time and viscosity
of the concentrated solution according to an exponential law that will be determined
in Section 4.2. At a critical concentration the material undergoes a glass transition
(Tg = 398 K from Table 4.1) and the final state is a glassy solid.
4.2 Shear rheology
(a) (b) (c)
Figure 4-2: (a) Photo of the ARG2 rheometer from TA instruments. (b) Cone and
plate geometry. (c) Double gap Couette geometry.
The rheology of the test fluids in both steady and dynamic shear flow was inves-
tigated at 230 C using an ARG2 rheometer from TA Instruments (Fig. 4-2(a)). Two
cone and plate fixtures (Fig. 4-2(b)) were used at concentrations larger than 18 wt.%
(20 mm with cone angle 0 = 359' and 60 mm with cone angle 0 = 159'31"); a double
concentric gap Couette geometry (Fig. 4-2(c)) with gaps hi = h2 = 0.38 mm was
used at lower concentrations. Since chlorobenzene is a volatile low viscosity solvent,
a solvent trap was used to avoid drying.
4.2.1 Steady shear
Viscometric tests in steady shear flow are used to determine the viscosity as a function
of the shear rate { or shear stress T imposed. For a cone and plate geometry, the
shear rate is uniform throughout the gap and is equal to = w/0, where w is the
angular velocity of the cone and 0 the cone angle. The viscosity is simply given by
rq(/) = 7T/. Writing the shear stress as a function of the torque T applied on the
cone, the viscosity is given by:
3TO
() R= (4.3)27r R3W
The double gap Couette geometry presented in Fig. 4-2(c) allows us to test lower
viscosities of the order of 10- 3 Pas. In the case of Newtonian fluids, the viscosity is
constant. Fluids for which the viscosity decreases with shear rate are called shear-
thinning. Most dilute polymer solutions have a plateau viscosity at low shear rate,
and are shear thinning at high shear rates [15]. The plateau value is called the zero
shear rate viscosity r 0 . At the onset of shear thinning, the critical shear rate is often
found to be ' = 1/A, where A is the average relaxation time of the fluid.
In Fig. 4-3(a), we present the steady shear viscosity versus shear rate 7('i) of con-
centrated solutions of PMMA in chlorobenzene for mass fractions between 10 wt.%
and 35 wt.% (we remind the reader that the overlap mass fraction is x* = 0.4 wt.%).
At all concentrations, a shear thinning behavior is observed. This shear thinning is
initially weak at low concentrations and becomes stronger as concentration increases.
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Figure 4-3: (a) Steady shear viscosity as a function of shear rate of concentrated solu-
tions of PMMA (Mw = 996 kg/mol) in chlorobenzene for mass fractions ranging from
10 wt.% to 35 wt.%. The data was collected at 23°C using cone and plate geometries
from 18 wt.% to 35 wt.% and a double gap Couette geometry at lower concentra-
tions. (b) Master curve using time-concentration superposition with a reference at
xo = 20 wt.%. The shift factor a, = 70/700 is the same for horizontal and vertical
shifting. The inset shows the zero shear rate viscosity as a function of mass fraction,
which is fitted to an exponential law.
In Fig. 4-3(b), the steady shear data is collapsed onto a master curve using time-
concentration superposition, with a common shift factor ac for vertical and horizontal
shifting [70]. The reference for concentration shifting is chosen to be the experiment
at xo = 20 wt.%. In the inset of Fig. 4-3(b), the zero shear rate viscosity 0 (x)
is plotted against mass fraction. The data is well fitted by the simple exponential
law ac = r~o(x)/7oo = e36( x - x o). The zero shear rate viscosity increases dramatically
with concentrations and spans about four order of magnitude from x0 = 10 wt.%
to x0o = 35 wt.%. The viscosity of pure chlorobenzene was found to have the value
7s = 0.8 x 10-3 Pas.
In dilute solutions of good solvents, the polymer contribution viscosity has been
measured experimentally to be proportional to the concentration, (gpo - c). This
is consistent with Eq. (4.1) at very small values of c (in the dilute regime), where
the higher power terms of concentration are negligible. In the semi-dilute regime
(ce > c > c*) in good solvents, de Gennes [71, 72] assumed a single parameter scaling
to predict a power law dependence for the solution viscosity that is given by:
7oo = r7s(c/c*)3/(3v- 1) (4.4)
where qs is the solvent viscosity and the parameter v is the Flory exponent (0.5 for
theta solvents and 0.6 for good solvents). The exponent in the Mark-Houwink equa-
tion is defined by a = 3v - 1 and is thus equal to 0.5 for theta solvents and 0.8 for
good solvents. In concentrated regimes Colby et al. [73], predict a power law depen-
dence on concentration (r0oo ~ c3.6 ). For PMMA in chlorobenzene, we found that the
experimental data was best fitted using an exponential law rather than a power law.
Similar exponential fitting were reported for PMMA and chlorobenzene by Bornside
et al. [66].
Finally, the anistropic drag coefficient a appearing in the Giesekus model, was de-
termined by fitting the steady shear viscosity data to the material functions for the
Giesekus model. Bird et al. [15] report the following analytical solution for steady
shear flow of a Giesekus fluid:
- = + (1 - (1 f)) (4.5)No 1 + (1 - 2a)f
where f = 1+(1-2a)x and 2 ( 81 -a)(1)2 Here A is the relaxation time and
f3 is the ratio of solvent viscosity to total viscosity. The anisotropic drag coefficient
a as a function of mass fraction is reported in Fig. 4-4.
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Figure 4-4: Anisotropic drag coefficient a for PMMA (M, = 996 kg/mol) in
chlorobenzene for mass fractions ranging from 10 wt.% to 30 wt.% in the concen-
trated regime. a was calculated fitting the steady shear data to the material function
Eq. (4.5) for the Giesekus model.
A least square fit is implemented on the steady shear data to extract the four
parameters of the Giesekus model. In semidilute or concentrated solutions, the pa-
rameter a is a strong function of the mass fractions, which is expected because a
measures the anisotropic effects of the hydrodynamic drag and the Brownian motion,
and thus increases with entanglements. The value of a increases from 10 wt.% to
22 wt.% and seems to reach a plateau at higher concentrations. Most of the solutions
used to make fibers have x > 20 wt.%. We choose a constant value of a 10-4
over all concentrations. The steady shear material function of the Giesekus model is
represented with a black line in Fig. 4-3(b).
4.2.2 Small Amplitude Oscillatory Shear
Small Amplitude Oscillatory Shear (SAOS) is used to test the dynamic response of a
fluid in the linear viscoelastic regime. An oscillatory shearing motion is imposed
on the sample by imposing either an oscillatory angular displacement or torque.
The information provided by SAOS is the magnitude of the in-phase and out-of-
phase components of the sample response with respect to the input, as a function
of oscillation frequency. For example, if one imposes an oscillatory deformation
y = -ysin(wt), the fluid response is the stress u(t), which in the linear limit can
be written u(t) = G'(w)sin(wt) + G"(w)cos(wt). The functions G' and G" are called
respectively the storage modulus and loss modulus, as they represent the amount of
energy respectively stored elastically and lost through viscous dissipation at a given
frequency. The dependency of G'(w) and G"(w) with the oscillation frequency also
gives valuable insights into the fluid properties. Purely elastic materials are char-
acterized by G" = 0, whereas purely viscous, Newtonian fluids are characterized by
G' ~ W.
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Figure 4-5: Stress sweep experiment for a solution of PMMA in chlorobenzene with
initial mass fraction xo = 22 wt.% at 23°C. The angular frequency is held constant
at w = 3 rad/s. The shear stress imposed for the resulting SAOS frequency sweep
experiments is chosen at the middle of the plateau defining the linear viscoelastic
regime (i.e. above the noise floor of the instrument but below the onset of nonlinear
effects).
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Figure 4-6: Small amplitude oscillatory shear sweeps as a function of frequency for
concentrated solutions of PMMA (Mw - 996 kg/mol) in chlorobenzene with mass
fractions ranging from 10 wt.% to 30 wt.%. The stress amplitude is imposed and
increases from 0.1 Pa to 10 Pa with increasing mass fractions. The data was collected
at 230C. (a) and (b) correspond respectively to G'(w) and G"(w). The data is
collapsed onto a master curve on (c) and (d) using time-concentration superposition
with a reference mass fraction of x0 = 20 wt.%. The shift factor a' is the same for
both horizontal and vertical shifting in both G'(w) and G"(w).
In order to independently determine the scaling of the relaxation time with concen-
tration, SAOS tests at constant shear stress were also performed at 23°C on solutions
of PMMA in chlorobenzene for 0.1 < x < 0.3. To determine the value of the shear
stress imposed during SAOS, stress sweep tests were implemented at w = 3 rad/s for
each solution. An example for 22 wt.% is shown in Fig. 4-5. At low shear stress, the
limit of accuracy of the rheometer is reached and the data is noisy. At high shear
stress, non linear effects appear, as shown by the decrease in storage modulus G'. The
shear stress amplitude used during SAOS was selected at the middle of the linear vis-
coelastic region to ensure minimal impact of noise and avoid nonlinear effects. The
stress amplitude is imposed and increases from 0.1 Pa to 10 Pa with increasing mass
fractions. The storage modulus G'(w) and the relaxation modulus G"(w) are reported
respectively in Fig. 4-6(a) and Fig. 4-6(b). The data is collapsed on a master curve
in Fig. 4-6(c) and Fig. 4-6(d) using time-concentration superposition with a reference
mass fraction x0 = 20 wt.%. The data is fitted to a generalized Maxwell model [15]
with 6 modes (see Appendix A for details):
GI = Gkk) 2  (4.6)
k=l
G" = 6 Gk kW)G  E I Z 2 (4.7)
k=l1+(k2
where Gk is the shear modulus of the kth mode and Ak the relaxation time of the
kth mode. An averaged relaxation time is then calculated for each concentration as
following:
()= = Gk(x)(x) (48)
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Figure 4-7: Average relaxation time as a function of mass fraction for concentrated
solutions of PMMA 996 kg/mol in chlorobenzene. The data is fitted to an exponential
law, represented by the black line.
The variation in the relaxation time as a function of mass fraction is presented in
Fig. 4-7. The data can be fitted to the exponential law A(x)/Ao = e31(x - x o) with
A0 = 15 ms at xo = 0.2. This means that the relaxation time will vary by several
orders of magnitude during the evaporation of the solvent. The shear modulus
Go
_o = es(x-xo) is found to increase exponentially with concentration. Kinetic theory
predicts that for concentrated solutions, G = t . In Fig. 4-8 we compare the
exponential scaling found experimentally for the sher modulus G to the quadratic
law predicted by theory. We can see that they are very similar at mass fractions
z < 0.7, which is the range of concentrations relevant for our study.
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Figure 4-8: Comparison of the theoretical quadratic expression of the dimensionless
shear modulus G/Go with the exponential scaling found experimentally.
4.3 Glass transition
The glass transition temperature of PMMA and chlorobenzene are respectively Tgi =
3980 K (determined with DSC)and Tg2 = 128 0K (from Angell et al. [65]). We see
that the room temperature (23oC) lies between those two temperatures. Using the
Kelley-Bueche equation [74], we can estimate the mass fraction at which the glass
transition will occur at 23°C:
T = RKg + (1 - g)Tg = 230C = xg, = 85 wt.% (4.9)
RKX + (1 - Xg)
where RK = a 2/al, where ai is the difference in thermal expansivity between liquid
and glass. These parameters for PMMA and chlorobenzene are reported in Table 4.1.
A value of RK = 2.5 is often chosen in the literature. Our rheological characterizations
show that in the range of mass fractions 0.1 < x < 0.35, the correlations for viscosity
and relaxation time with concentration are well described using exponential laws.
Close to the glass transition, both the viscosity and the relaxation time begin to
diverge and vary more rapidly than exponential. This effect can be attributed to a
decrease in free volume described by a generalized Doolittle equation [75, 76]:
log(a,) = -(1 - x)/2.303f(f /3' + (1 - x)) (4.10)
where a, is the composition shift factor close to glass transition, f is the free volume
of the polymer and /' is the slope of the linear dependence of the free volume with
solvent mass fraction. Accurate description of this (super-exponential) increase in
these rheological properties require measurements near Tg. As we describe in Section
6.1.4, the axial flow and drainage of fluid becomes negligible compared to the volume
decrease by solvent evaporation for x > 50 wt.%. Thus the dynamics will not be
strongly affected by the correlation chosen for viscosities and relaxation times at mass
fractions higher than 50 wt.%. In the present study, we therefore simply extrapolate
the exponential correlations in A(x) and lo(x) at all concentrations, as shown in
Fig 4-9, which underestimates the viscosity at high concentrations.
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Figure 4-9: Schematic of the correlation used for the dependence of viscosity with
concentration. The exponential law determined experimentally for 0.1 < x < 0.4 is
extrapolated at all concentrations, which is justified in Section 6.1.4.
Chapter 5
Numerical simulation
Numerical simulations were done with the help of Jean-Christophe Nave in the de-
partment of Mathematics at MIT. The code was implemented in C and is reported
and commented in Appendix B.
5.1 Numerical method
In this section we present the numerical method used to solve the system of equations
derived in Chapter 3. Our approach is to use a moving grid and solve the equations
using finite differences in an Eulerian frame. Let zi = iAz, and t" = nAt, with
Az = At) 1 and At sufficiently small to ensure stability. NZ is the number of
points of the mesh. The domain representing the geometry is from point 3 to NZ - 4.
Because of the order of the spatial discretization scheme used, three extrapolation
points are necessary on each boundary. In the inertialess regime, the profile of the
filament is symmetric and our computation domain can be reduced to half of the
liquid bridge (0 < z < A(t)/2).
5.1.1 Mesh convection
In the case of linear stretching, the velocity imposed on the upper plate V, is constant.
In dimensionless form, using the capillary time tcap = 0 ooRo/u as a timescale and
the radius of the plate Ro as a lengthscale, this velocity is the capillary number
Cao = 0ooVp/o-. The points of the mesh are convected with a linear velocity profile.
The velocity of the nodes Vnodes is defined by the following affine equation:
Vnodes Cao  (5.1)A(t)
This equations verifies Vnodes(O) = 0 and vnodes(A(t)/2) = Cao/2.
5.1.2 Temporal discretization
We have to solve five coupled differential equations: two continuity equations Eq. (3.1)
and Eq. (3.7) for the solvent and the polymer, one equation for momentum conser-
vation Eq. (3.14), and two constitutive equations for the axial and radial stresses
Eq. (3.15) and Eq. (3.16). Our strategy is to advance in time Eq. (3.1), (3.7), (3.15)
and (3.16) by a single Euler step, and then to solve the elliptic constraint for the
velocity given by Eq. (3.14). In this chapter the discretized variables are noted X,
corresponding to the value of the variable X at zi = iAz and tn = nAt.
Given h, , we define A n = (h")2 x n and B n = (hn) 2(1- Xn), which are the surface
area of the liquid-air interface of the polymer and the solvent. Those variables sim-
plify the discretization of the continuity equations. We also have the parameters v n ,
T", Tz. Using explicit formulation with forward Euler steps, the time discretization
of Eq. (3.1), (3.7), (3.15) and (3.16) respectively leads to:
A"n - A"A = (RHS1)n  (5.2)
At
B"n1 - B" = (RHS2 ) (5.3)
n+- (T)n = (RHS3)n  (5.4)
At
( Ar)n+ (Tp) = (RHS4) n  (5.5)At
RHS stands for right hand side and includes all the terms that do not have a derivative
in time. The spatial discretization of the derivatives is detailed in Section 5.1.3. We
obtain explicitly hn+l = (An+l + Bn+1) 1/2 and X n +l = An +1, along with (T )n+l
and (T)" n +1 . Finally, we need to find the velocity field satisfying the elliptic constraint
of Eq. (3.14), which is explained in the next section.
5.1.3 Spatial discretization
The elliptic constraint Eq. (3.14) requires solving a one-dimensional variable coeffi-
cient Poisson equation for vn +l . We discretize it using centered differences:
n+1 n+l n+-l n+1 1
S ( h 2  ni+1 -(h 2)n+l Vi 1 (RHS5)n  (5.6)
2n2in= 1  n+l1 2 (h2+n+l
where (h2)+ = [(h2) i + (h2)+1 ]. The discretization in Eq. (5.6), along with
Dirichlet boundary conditions vo = 0, VN-1 = Cao/2, give rise to a tri-diagonal linear
system of equations that can be inverted efficiently using standard Gaussian elimina-
tion.
Additionally, in Eq. (5.2) to Eq. (5.5), convective derivatives are evaluated using a
WENO scheme [77] (see Appendix D), and will be noted with a W subscript. Because
of mesh convection, the convective derivatives must be corrected by subtracting the
velocity of the nodes Vnode. All other spatial derivatives are discretized using standard
- i+ - 1
centered differences and will have a C subscript. For example (a) , = Az
(RHS1) - A z + ( V oesi) z (5.7)
1 - -O() n _ V;nodes,i Oz
i,C i,W
(RHS2) = - [ ( -v nodes,i) + 2P(1 - X)h (5.8)SiC ndesi,W
n o1z 2I ( y ATP x o ao [(T)]l))(RHS3)- E2c A. L A o P- aEco0 [(T) Zj
((V7ZZodesi )a7 n iW ±2
- - Vodes,i) 2 (Tz)n (5.9)
n 1 h2h(RHS4) 7 Eco A(x 1+) -1± hv ) ] )nTjo T(x)
z+ _ Tp n (5.11)O i W OzCi'a
3, _(I + h z) 2 (1 + hi) 2 i C
The entire solution scheme, corresponding to an Euler step is then embedded in
the 3 rd order Runge-Kutta TVD scheme from Shu et al. [78], (see Appendix C for
details). We denote E(h, x, v, TzPz, Tr) the Euler step defined by Eq. (5.2) to Eq. (5.6).
The variables are computed as follows:
V{h, v, T rr }+ = {h,x,v, TzPz,Tr}n
3
+ -E ( {h, x, v, T}" + -(E ((h, x, v, T, T}))) (5.12)
The WENO derivatives are 5th in space and the centered derivatives 2 nd order in
space. As a result, the numerical procedure is second order accurate in space. The
only boundary conditions imposed are v = 0 at z = 0 and v = Cao/2 at z = A0/2.
All the other variables have spatial derivatives that are multiplied by v - Vodes. Thus,
they do not have to be specified at the boundaries. The velocity v and the radius
h are the only parameters demanding careful extrapolations as their derivatives are
calculated at the boundaries. At z = 0, we have v = -v_, hn = 2h - h_ for
i = {0, 1, 2}. At z = A(t)/2, we have vnZ_Ji = Cao - 7 + h" =N NZ_7+i0 NZI- i  NZ_7+i
for i = {0, 1, 2}. Initial conditions are Tzz(t = 0) = O, Trr(t = 0) = 0, x(t = 0) = xo,
h(t = 0) = ho(z) from reversed squeeze flow. The initial velocity is computed by
solving the force balance equation Eq. (3.14) in equilibrium with the other initial
conditions.
5.1.4 Implementation and stability
The profile of the liquid bridge is initialized by implementing the reversed squeeze flow
solution presented in Section 3.4. The function Rlub = f(Zlub) is evaluated on each
point of the Eulerian mesh. Az = (t) 1 is called mesh size. In order to resolve2 NZ-7
the high gradients of velocity and stresses at the junction between the droplet and
the fiber, we need a small mesh size. Several simulations were run and we determined
that 200 points per unit aspect ratio of the fiber (Az = 0.005) is the minimum to
capture all the thinning phenomena and to avoid numerical oscillations. For example,
a fiber with Af/2 = 50 will need 10, 000 points.
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Figure 5-1: Numerical stability analysis. (a) CFL condition gives a quadratic expo-
nent in mesh size and a linear exponent in 0,. (b) The stability border is determined
and the stability region is the region under this boundary.
To demonstrate stability of the new scheme, we perform a numerical simulation
with Eco = 0.043, Cao = 0, A0o = 3/33 and Po = 0. We run the code for different
values of Az and ps. We recall that 0s = rib/roo is the ratio of the solvent viscosity to
the total solution viscosity. The solution is computed until numerical breakdown due
to violation of the stability constraint is observed. For each Az and 0s, Fig. 5-1(a)
reports Atmax. We find a quadratic exponent in Az and a linear exponent in 0,. This
means that the CFL condition is At < C3 Az 2 . In order to find the value of the
constant C, Fig. 5-1(b) plots Atmax as a function of Az2{0s. Fitting the curve give
the following boundary for stability condition:
Atmax = 130Az 2/s (5.13)
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Figure 5-2: Effect of changing the solvent viscosity ratio /0. As long as solvent
contribution is negligible, we can increase , to have faster computations. Most
simulations use p = 0.05 or 3~ = 0.1.
For PMMA in chlorobenzene, f 10- 3, which imposes low time steps in order for
Eq. (5.13) to be satisfied. With such a low value of the solvent viscosity, the solvent
stress T" can be neglected compared to the polymeric stress T P. As long as the
solvent contribution to the stress is negligible compared to the polymer contribution
to the stress, we can increase 0, to have faster computations without changing the
thinning dynamics. Fig. 5-2 shows numerical simulation of a CABER experiment
with no drying. In each simulation s is varied to span three orders of magnitude.
Changes in the dynamics of thinning are not visible until Ps = 0.01 and little error is
incurred by implementing 0, = 0.1. Most of the simulations will be implemented at
0, = 0.05 or 3, = 0.1 to decrease computation time.
5.1.5 Simulation of Newtonian fluids
In theory, the Newtonian limit could be recovered by setting Eco = 0. However, this
introduces a singularity in the code for the constitutive equations. It can be avoided
numerically by simply setting explicitly Tz - Tr = 0, that is to say not solving
or evolving the Giesekus constitutive equations. If we want to account for solvent
evaporation, the dependence of viscosity on concentration must be transferred in the
Newtonian term in the force balance Eq. (3.14). This Newtonian term becomes:
3 +, = e36(x-xo) (5.14)K oo )z Oz
In the code, the Giesekus model is chosen by setting the parameter MODEL
to the value 1, whereas Newtonian constitutive equation is implemented by using
MODEL=2.
5.1.6 Discussion about slip at the endplates
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Figure 5-3: Schematic of the boundary condition for the axial velocity v with or
without slip reduction.
As we have noted previously, the slender body approximation prevents us from
imposing the no-slip boundary condition v, = 0 at the endplates. The radial slip
Figure 5-4: Comparison of the fiber shape with or without slip reduction.
velocity will be given by the continuity equation, in the case Po = 0, v,(R, z, t) =
R v. Imposing the no-slip boundary condition is the same than imposing v = 0
at z = 0. When P0 - 0, the no-slip boundary condition is not imposed exactly
when = 0 at z = 0 (it can be shown from the continuity equations Eq. (3.1)
and Eq. (3.7)), but the slip at the endplates is reduced dramatically and we will
call this method slip reduction. We noted earlier that the velocity profile has three
extrapolated points defined by v = -vni for i = {0, 1, 2}. One way to impose
slip reduction is to have a symmetry boundary condition instead of an antisymmetry
boundary condition. Thus the velocity at the endplates is given by vn = vg_ for
i = {0, 1, 2}. However, it introduces a discontinuity as the extension rate jumps to a
value of almost zero at z = 0, i.e. i = 3. This discontinuity may trigger numerical
instabilities for small Az, and great care must be taken when using this condition.
A comparison of the shape with or without slip reduction is illustrated in Fig. 5-
4. The physics at the midfilament are almost unchanged, validating the use of this
method. A more sophisticated method to reduce slip at the boundary is presented
by Tuck et al. [79]. They defined an increased viscosity at the boundary to match
the lubrication solution of the reversed squeeze flow, which is a better way to avoid
slip at the endplates because it is more stable numerically.
5.2 Validation of the code
5.2.1 Newtonian limit with no drying
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Figure 5-5: Numerical simulation of a CABER experiment for a Newtonian fluid with
A0 = 3.33. The simulation is compared to Papageorgiou similarity solution. The
dimensionless parameter X(t) = F(t) is plotted as a function of time and compared
to the similarity solution value X = 0.7127
We showed in Section 2.3.2 that the radius of a uniform and fixed length Newtonian
liquid bridge (no axial curvature) going under capillary thinning is linear in time. If
the initial dimensionless radius is h(t = 0) = 1, we gave:
h(t) = 1 - t/6 (5.15)
where h(t) = R(t)/Ro and t is the dimensionless time (scaled with the visco-capillary
timescale tcap). When axial curvature is taken into account, we showed in Section 2.3.2
that the Newtonian filament (Eco = 0) follows Papageorgiou's similarity solutions
[35]. Eq. (2.10) in dimensionless form leads to:
-Simulation
- - - Papageorgiou Solution
X(t)
...... X=0.7127
hmid(t) = hi - 0.0709t (5.16)
Fig. 5-5 simulates a CABER experiment with A0 = 3.33, Cao = 0, Ps = 1,
Eco = 0, Po = 0. We can see that the simulation approaches Papageorgiou's similarity
solution. The parameter X(t) goes to the theoretical value X = 0.7127 as time
increases. This gives us a first validation of the code used for numerical simulations.
5.2.2 Elasto-capillary equilibrium for an Oldroyd-B fluid with
no drying
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Figure 5-6: Numerical simulation of a CABER experiment for an Oldroyd-B fluid
with A0 = 3.33, Eco = 1, Po = 0, Cao = 0, a = 0. Elasto-capillary equilibrium is
reached quickly because of the high value of the elasto-capillary number Eco. The
simulation is compared to the theoretical solution by Entov & Hinch [36]. At t = 0,
the dimensionless radius hmid < 1 because the liquid bridge has been initialized with
the reversed squeeze flow.
Entov & Hinch [36] demonstrated that the radius of a uniform liquid thread go-
ing under capillary thinning thins according to the following exponential law.
dimensionless version of Eq. (5.17) gives:
The
hmid(t) = hie- t/3Eco
10-2
(5.17)
where hmid is the dimensionless radius at the midfilament. This result can be achieved
by simulating the CABER experiment of an Oldroyd-B fluid (a = 0) to prevent
breakup. In order to reach elasto-capillary equilibrium quickly, we choose a large
value for the elasto-capillary number Eco = 1. We do not include the evaporation of
the solvent (Po = 0). The simulation is shown in Fig. 5-6 and follows the exponential
law of Eq. (5.17). This result provides a second validation of our CABER code.
5.2.3 Behavior at low elasto-capillary numbers
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Figure 5-7: Evolution of the radius at the midfilament with dimensionless time for
a CABER experiment with a Giesekus fluid (Ao = 3.33, Po = 0, Cao = 0). At low
values of the elasto-capillary number (Eco < 1), the polymer solution behaves like a
Newtonian fluid at early times. A transition to elasto-capillary equilibrium happens
at intermediate times. When the mobility factor a is increased, the elastic stress
saturates which leads to breakup.
In Fig. 5-7, we show the evolution of the dimensionless radius at the midfilament
hmid as a function of dimensionless time. At elasto-capillary number lower than unity,
the fluid has a Newtonian behavior at early times. A transition to elasto-capillary
equilibrium is observed at intermediate times. When the mobility factor a of the
Giesekus model is increased, the elastic stress saturates, which leads to the breakup
of the liquid thread.
5.2.4 Filament stabilization with drying
Figure 5-8: Sequence of images of the CABER experiment with 3D rendering (from
J.C. Nave). The parameters for simulation are xo = 0.22, Eco = 0.043, Po = 0.0015
and Ao = 3.3. The system reaches an equilibrium forming a stable thread.
In Fig 5-8, we show a sequence of images of the CABER experiment with 3D ren-
dering including evaporation (the initial processability number Po = 0.0015). At late
times the filament reaches an equilibrium, validating qualitatively our mass trans-
fer model. The dynamics of the process are studied thoroughly in the subsequent
chapter.
Chapter 6
Results and discussion
6.1 Fixed length drying liquid bridges
6.1.1 Determination of the average mass transfer coefficient
Capillary thinning experiments for various mass fractions of PMMA in chlorobenzene
are performed using a CABER instrument. The diameter at the midfilament 2Rmid(t)
is tracked using a laser micrometer which measures the size of an object in its path
based on the intensity of light entering the sensing element. The initial length of the
liquid bridge (see Fig. 3-1) is Li = 2 mm and the radius of the plates Ro = 3 mm. The
final length of the liquid bridge is Lf = Lo = 10 mm corresponding to an aspect ratio
of Af = A0 = 3.3. For simplicity and to focus more on fluid dynamics rather than
mass transfer dynamics, we pick an average value Tm independent of time, which is
x0o(%) Eco x 10 - 2 Po x 10- 3 tcapo(S)
20 4.7 0.68 0.32
22 4.3 1.5 0.69
24 4.0 3.1 1.4
26 4.3 6.0 2.8
28 3.2 9.8 4.5
Table 6.1: Parameters of CABER numerical simulation for various mass fractions.
a = 10-4, 0, = 5 x 10- 2 (for numerical stability), A0 = 3.3 are constant parameters
over all concentrations.
Figure 6-1: Dimensionless radius at the midfilament as a function of dimensionless
time for initial mass fractions between 0.2 < zo < 0.28. The symbols correspond to
CABER experimental data and the continuous lines to numerical simulation. The
average mass transfer coefficient hm = 6.5 x 10-6 m/s was found by fitting the ex-
perimental data. Parameters for numerical simulation are reported in Table 6.1. The
experimental data for xz = 26 wt.% and xo = 28 wt.% is truncated because of gravita-
tional sagging. At 20 wt.% and 22 wt.%, air perturbation rapidly breaks the junction
between the thin fiber and the polymer droplet.
Figure 6-2: Comparison of the shape of the filament between CABER experiment
and numerical simulation for xo = 24%, Eco = 0.040, Po = 3.1 x 10- 3
determined by matching experimental results from capillary thinning with numerical
simulations. This hypothesis is discussed in details in Section 6.1.8. A value of
h, = 6.5 x 10- 6 m/s is determined (agreement with theory is discussed in Section
6.1.8). Quantitative comparisons between CABER and simulations are presented in
Fig. 6-1. The simulation parameters are reported in Table 6.1. At high mass fractions,
for 0.24 < xo < 0.28, the experimental data cannot be plotted over the whole time
of the experiment because the long drainage time (tca,,,po 3 s) leads to gravitational
sagging, before equilibrium is reached. At mass fraction x0 = 22 wt.%, the behavior
at early times is well described by our model. A fast drying is observed experimentally
at middle times, which does not change quite as abruptly for the simulation. This is
due to the simplicity of our mass transfer model. A complete description of the mass
and heat transfer dynamics in two dimensions would be required to have a deeper
understanding of this process. At mass fraction x0 = 20 wt.%, the CABER data does
not show the formation of a fiber. Videomicroscopy images of the experiment reveal
that a very thin fiber is formed but rapidly broken at the top by air perturbation.
A sequence of shapes of the filament during a CABER experiment is compared to
numerical simulation results in Fig. 6-2 for an initial mass fraction x0 = 24 wt.%. A
good qualitative agreement for the axial curvature as a function of time is found.
6.1.2 Kinematics
We perform various numerical simulations of the CABER experiment for a fixed
aspect ratio A0 = 3.33 and fixed solvent viscosity ratio 0, = 0.05. In Fig. 6-3,
a sequence of shapes of the filament is represented as a function of dimensionless
time. The shading represents the intensity of the dimensionless axial polymeric stress
TZ (scaled with the capillary stress o/Ro). In the case of a Newtonian fluid with
no drying (Eco = 0, Po = 0), capillary thinning leads to linear thinning followed
by a rapid breakup, as predicted by the theory discussed in Section 2.3.2. The
numerical simulation can describe a radius reduction of h _ 10- 3 before becoming
unstable. For PMMA/chlorobenzene solutions of initial mass fractions xo = 26 wt.%
or x0o = 22 wt.% (simulation parameters are reported in Table 6.1), we see that
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Figure 6-3: Comparison of the shape of the filament for a Newtonian fluid with no
drying (top), for PMMA/chlorobenzene solutions with initial mass fractions x0o = 0.26
(middle) and xo = 0.22 (bottom). The solvent viscosity ratio is /3 = 0.05 and the
aspect ratio A0 = 3.33. The shading represents the intensity of the dimensionless
axial polymeric stress TP
.
t=OI
t=O
I t=I
I
(a) 10 (b)
. _Po=1.5 x10-3
2.5 10 o=0
2-
NE1.5 .
1 10-2
0.5
0 102 -1 0 1 2 0 5 10 15
r t
(c) (d)
0.5 10.8
t=1
--- t=4
t... =7 0.8
-t=10
> 0 0.6
0.4
-0.5 0.20 1 2 3 0 5 10 15
z t
Figure 6-4: Simulation of the CABER experiment for x0 = 22 wt.%, Eco = 0.043,
Po = 1.5 x 10- 3. (a) Shape of the filament at t = 0, t = 5, t = 10. (b) Evolution
of the radius at the midfilament with time. (-): simulation with evaporation, (-
-): simulation with no evaporation (Po = 0, Eco = 0.043). (c) Velocity profile at
t = 1, 4, 7, 10. (d) Mass fraction of polymer at the midfilament as a function of
dimensionless time.
an equilibrium is reached before breakup. At high mass fractions, the filament is
thick and has a poor axial uniformity. At lower mass fractions, the diameter of the
filament can be reduced by several orders of magnitude and the filament has more axial
uniformity. In Fig. 6-4, we focus on the dynamics of the CABER experiment with
Xo = 22 wt.% and Po = 1.5 x 10- 3. Fig. 6-4(a) shows the shape of the liquid bridge
going under capillary thinning and drying at times t = 0, t = 5 and t = 10. Fig. 6-4(b)
plots the midfilament dimensionless radius hmid(t) as a function of dimensionless time.
Keeping all the other simulation parameters equal, we also report the computation
with no evaporation (Po = 0). Fig. 6-4(c) shows the axial velocity profile at times
t = {1, 4, 7, 10}. The mass fraction of polymer at the midfilament is plotted in Fig. 6-
4(d) as a function of time. At early times, we notice that the radius descreases almost
linearly with time. At time t % 4 the solvent starts to evaporate at a faster rate and
the dynamics are dramatically slowed down compared to the case Po = 0 because
of increased elasticity and viscosity in the fluid. At time t = 10, the axial velocity
profile is almost flat along the length of the filament, which means that drainage by
convection stopped. However, the mass fraction of polymer keeps increasing even for
t > 10 and the filament radius now decreases slowly by evaporation of the solvent.
6.1.3 Visco-capillary equilibrium and elasto-capillary equi-
librium
The force balance during self-thinning of viscoelastic liquid bridges was studied for
Po = 0 (no evaporation) and Eco > 1 (high elasticity) using a FENE model by Entov
& Hinch [36] in a zero dimensional approximation neglecting axial curvature. Fig. 6-
5(a) reports the three terms appearing in the tensile force in Eq. (3.14): the solvent
stress 3/3s, the capillary stress 1 + --- and the polymeric stress differenceh(l+h2Z)z (l+h2 )-
Tz - TP. They are all evaluated at the midfilament (z = A0o/2). Because of the low
value of the solvent viscosity compared to the solution viscosity (3s << 1), we notice
that the solvent stress is negligible at all times. This means that Ps does not play any
physical role in the evolution of the filament profile. This is the reason why we could
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Figure 6-5: Stress and mass flux evolution at the midfilament for a CABER exper-
iment with x0 = 22 wt.% (a) Contribution of the three components of the tensile
stress in Eq. (3.14) as a function of time. (b) Evolution of the drainage mass flux
Ovh 2 along the filament and the evaporative mass flux 2Poh(1 - x) across the bound-
ary in Eq. (6.1). (c) Axial stress terms in Eq. (3.15). (1) TP (2) EcoA(x) aT- -  (3)
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increase the value of ps to improve numerical stability without affecting the dynamics.
At high mass fractions of polymer, the capillary stress and polymeric stress difference
saturate and approach a plateau value. This means that a strong residual tensile
stress remains in the fiber: the glass transition freezes the motion in the polymer
network and the entangled polymer chains, stretched by the extensional flow, carry
a residual tensile stress. In Fig. 6-5(c) and Fig. 6-5(d), we plot the absolute value of
the various contributions at the midfilament of the axial and radial stress balances
in Eq. (3.15) and Eq. (3.16). As v = 0 at z = A0o/2, the terms va are equal to
zero at the midfilament and are not plotted. At early times, the axial stress (1) and
the Newtonian term (5) are in equilibrium, and the other terms can be neglected.
We are in visco-capillary equilibrium, which can be rationalized by the low initial
value of the elasto-capillary number (Eco = 0.043). At t r 5, the elastic terms (2)
and (3) cross the Newtonian term (5), which represents a transition from a visco-
capillary equilibrium to an elasto-capillary balance. For times 5 < t < 7, the stresses
grow approximately exponentially (Fig. 6-5(c,d)) and the mid point radius decreases
approximately exponentially (Fig. 6-4(b)) as expected for a thinning filament in
elasto-capillary equilibrium. At all times, the non-linear quadratic term (4), specific
to the Giesekus equation can be neglected: this means that the system would be well
described by an Oldroyd-B fluid. However, retaining this term is essential at lower
mass fractions to enable the model to describe break-up in finite time [25]. At very
long times it is clear that the stresses saturate and the thinning process is arrested. In
this region it becomes important to consider the role of solvent evaporation in more
detail.
6.1.4 "Capillary arrest"
To obtain the continuity equation of the polymer solution, we sum up Eq. (3.1) and
Eq. (3.7):
Oh2  &(vh2)
S+  o + 2hPo(1 - x) = 0 (6.1)at 0Z
In this equation, Ovh 2/cz represents the mass flux by axial capillary drainage to
the endplates, and 2Poh(1 - x) is the radial mass flux across the boundary from
evaporation of the solvent. A comparison of the evolution of those two terms is shown
in Fig. 6-5(b). Convection by capillary drainage is dominant up to t = 7. After t = 7,
the evaporation term is dominant and the radius of the thread at each axial location
decreases by pure solvent loss. We call this process "capillary arrest", when the first
crossing point between convection and evaporation term is encountered. The second
crossing point does not have a specific physical meaning as it highly depends on the
dynamics close to the glass transition, which is not accounted for in this article. The
system drains fluid to the endplates by capillary thinning, increasing the surface to
volume ratio of the thread. At a critical moment, the mass of solvent remaining at
the midfilament is locally low, and the surface to volume ratio high, explaining the
fast drying process leading to "capillary arrest". Then the viscosity and the elasticity
of the fluid are so high that the mass flux of fluid from drainage is negligible and the
evaporation of solvent is the main contribution to the thinning process.
6.1.5 Elasto-capilllary equilibrium and non-linearity in the
Giesekus model
In Fig 6-5 (c,d), the non-linear quadratic stress term (4) in the Giesekus model is
negligible at all times because "capillary arrest" happens before a transition to this
regime is possible. This depends on the initial value of the elasto-capillary number
Eco, the processability number P and the mobility factor a. To determine when this
transition happens, we assume that there is almost no drying (Po << 10-2) before
the transition. The radial contribution to the elastic stress is negligible compared to
the axial contribution during elasto-capillary equilibrium (TP >> TP). The solvent
stress is also negligible (0, << 1). The dimensionless version of Eq. (2.8) then gives
TP 1/h. The transition from elasto-capillary equilibrium to the balance non-linear
stress term/capillarity happens when the axial elastic stress TP crosses the non linear
term 3-1aEco(TPz)2 :
Tfz ,-1Eco ( Tp I 2Ec0TP aEco(T )2 /-1 h 1 (6.2)
This scaling confirms the dependence of this balance transition on Eco and a. The
ratio / of the polymer viscosity to the total solution viscosity also appears in the
expression. The processability number Po has to be initially small to avoid that
"capillary arrest" happens before the transition.
6.1.6 "State space" for visco-elasto capillary thinning with
drying
We define the instantaneous elasto-capillary number Ect = \(Xmid)U/'o(Xmid)Rmid
evaluated at the midfilament at time t, comparing the actual visco-capillary time
scale tcap(z = Ao/2) = r/o(Xmid)Rmida/ and the actual relaxation time A(Xmid). The
transition from visco-capillary equilibrium to elasto-capillary equilibrium happens at
Ect = 1. We also define the instantaneous processability number Pt = 'o(Xmid)hm/a
at time t comparing the actual visco-capillary time scale to the actual evaporation
time scale t,,,,vap( = 10/2) = Rmid(t)/hm. The transition from visco-capillary regime
to capillary arrest is materialized by Pt = 1. For the transition from elasto-capillary
equilibrium to capillary arrest, we have to compare the actual evaporation time scale
to the actual relaxation time. This transition happens when the product EctPt = 1.
Using instantaneous dimensionless groups provides a useful tool to determine the
balance of forces at time t. In Fig. 6-6, the output of the numerical simulation for a
CABER experiment with xo = 22 wt.% is used to define a trajectory of the system
in the state space Ect-Pt. Each point is separated by a fixed time step At = 0.5.
The trajectory starts in the visco-capillary equilibrium, crosses the border Ect = 1 at
t = 5, which is confirmed by Fig. 6-5(c) and crosses the capillary arrest border Pt = 1
at t = 7, in agreement with Fig. 6-5(b).
Drainage of fluid by capillary thinning is negligible for Pt >> 1. In Fig. 6-6, we notice
that Pt F 102 at t = 8. At that time, we can read in Fig. 6-4(d) that Xmid . 50 wt.%.
We can conclude that convection by drainage can be neglected after x = 50 wt.%, and
100
t
Figure 6-6: "State space" for x0 = 22 wt.%, Eco = 0.043, Po = 0.0015. Ect is
the instantaneous elasto-capillary number at the midfilament, Pt is the instantaneous
processability number at the midfilament. The black dots materialize the trajectory
computed by numerical simulation at fixed time intervals of At = 0.5.
that the exact correlations of viscosity and relaxation time close to glass transition do
not have additional impact on the dynamics which are driven solely by solvent loss.
This justifies our conclusion that the correlations for viscosity and relaxation time do
not need accurate modeling after 50 wt.% and can be described by the extrapolation
of the exponential laws found experimentally at moderate concentrations. We also
notice that the trajectory goes to an asymptote as Pt -+ oc. This asymptote depends
on the correlations chosen for the viscosity and relaxation time dependence on mass
fraction. In our model, we have:
Ec- A0 o 1 _ e - 5 (x-xo) Pt 770 = e36(x-xo) (6.3)
Eco A roo h h Po 7oo
Eliminating the mass fraction from the second expression, we find:
lim Ect = Eco Pt( /h (6.4)
Pt--oo Po-
where hf = Rf/Ro is the final equilibrium radius of the filament. If the shear modulus
G = r0/A is assumed independent of mass fraction, then Eq. 6.4 simplifies to the
horizontal asymptote lim Ect = Eco/hf.
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Figure 6-7: "State space" including the non-linear region from the Giesekus model
for xz = 22 wt.%, Eco = 0.1, Po = 0.001 and a = 0.1. The black dots materialize
the trajectory computed by numerical simulation at fixed time intervals of At = 0.5.
Capillary arrest happens in the non-linear region.
We can also translate Eq. 6.2 to describe the transition from elasto-capillary equi-
librium to non-linear behavior in the Giesekus model in terms of instantaneous di-
mensionless numbers:
3-lcaEco
h 1 ** Ect - /3/a with ro r00, A A0 at transition (6.5)
This leads to a new boundary in our "state space". In order to reach this new
boundary, we pick a higher value of the mobility factor a' = 0.1 instead of the value
a = 10- 4 that we determined experimentally for our PMMA/chlorobenzene system.
Fig. 6-7 shows the trajectory for Eco = 0.1, Po = 10- 3, x = 0.22 and a large value
of the mobility factor a = 0.1. In this case, "capillary arrest" happens after the
non-linear regime is reached.
6.1.7 Axial uniformity
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Figure 6-8: Comparison of the axial curvature h,zz/(1 + h2z) evaluated at the midfil-
ament as a function of dimensionless time. Axial uniformity has a differential drying
component (x0 = 22 wt.%, Eco = 0.043, Po = 0) and a strain hardening compo-
nent, which is the extra gain of uniformity for viscoelastic fluids (x0 = 22 wt.%,
Eco = 0.043, Po = 0.0015).
In Fig. 6-8, we plot the axial curvature at the midfilament, for a filament with xo =
22 wt.% modeled with Giesekus (Eco = 0.043) or Newtonian constitutive equations
(Eco = 0). We also report the axial uniformity for x0 = 24 wt.% with a Giesekus
model and for a Newtonian fluid with no drying (Po = 0, Eco = 0). The degree of
axial uniformity is controlled by two contributions: strain hardening and what we
call "differential drying". The effect of strain hardening on uniformity of extensional
flows was explained by Chang & Lodge [80], and is linked to axial variations of
the extensional viscosity based on the degree of deformation of a material element.
A strong strain hardening component requires Ect > 1 so that the elasto-capillary
equilibrium is reached before the fast drying process occurs. The simulation with
initial mass fraction x0o = 24 wt.% has a lower axial uniformity because it starts from
the same order of magnitude Eco but dries faster, thus goes to lower Hencky strain
and low amount of strain hardening before solidifying.
Moreover, there is a gradient of viscosity because fluid particles have different mass
fractions along the fiber. The midfilament dries faster because of a higher surface
to volume ratio, and has a higher viscosity than the neighboring fluid particles. We
call this mechanism "differential drying". If we look at the Newtonian simulation for
xo = 22 wt.%, the fiber will attain some level of uniformity by differential drying.
This uniformity is enhanced by strain hardening in the Giesekus simulation.
Figure 6-9: Sequence of images of the CABER experiment shot with the high speed
camera Phantom v5.0. The fluid is a solution of PMMA/chlorobenzene with initial
mass fractions x0 = 0.24. We see that the capillary arrest happens first at the
midfilament then propagates towards the endplates, resulting in high axial uniformity
by combined strain hardening and differential drying.
Fig. 6-9 shows a sequence of images from high speed camera Phantom v5.0 of
the CABER experiment for a solution of PMMA/chlorobenzene with initial mass
fraction x0 = 0.24. We see that at a critical time, the fast drainage of fluid to the
endplates stops, and the thinning process is slowed down dramatically, which is the
"capillary arrest" transition we described earlier. However the neighboring points
of the fiber have lower viscosities and higher diameters, and they did not reach the
"capillary arrest" border yet. We observe in the images that a neck propagates from
the midfilament toward the endplates. It can be understood as the propagation of the
"capillary arrest" criterion to all the points of the filament, which is a consequence of
"differential drying". When this neck reaches the endplates, the filament has a high
axial uniformity because the "capillary arrest" criterion Pt = 1 is satisfied by all the
fluid particles along the filament.
6.1.8 Mass transfer
This section aims at justifying the approximation of picking a constant mass transfer
coefficient h at all times and for all concentrations. The relative resistance of the
liquid phase and the gas phase during the diffusion process of chlorobenzene can be
compared using the theory developed in Section 3.2.1. The diffusion coefficient for
PMMA in chlorobenzene as a function of the polymer mass fraction x is reported in
a paper by Bornside et al. [66]:
Dsl = (7.24 x 10- 11 m2/s) exp 0.0277 + (1 - )240 (6.6)
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Figure 6-10: Justification of the mass transfer model using the output of a numerical
simulation with xo = 0.22. (a) Contributions of the liquid phase and gas phase to the
mass transfer coefficients hi and h, and average mass transfer coefficient as a function
of dimensional time. (b) Comparison of the average processability number P and
the parameter hm(too/o in which mass transfer coefficient hm is a function of time.
In Fig 6-10(a), we plot the respective contributions of the mass transfer coefficient
in the liquid phase h, = max , Dx) and in the gas phase h g t
defined in Eq. 3.4 and Eq. 3.5. We also plot the two phase theory mass transfer
coefficient hm defined in Eq. 3.6. The input for this graph is a numerical simula-
tion with Ro = 3 mm, xo = 0.22, Eco = 0.043 and Po = 0.0015 (parameters of
the CABER experiment). It may seem paradoxical to use a simulation that has a
constant mass transfer coefficient as an input to explore the mass transfer dynam-
ics. However, we know that this simulation matches well experimental data for the
evolution of the radius R and the mass fraction x. At all times, we see that the
resistance in the liquid phase dominates the resistance in the gas phase, which means
that hm f hl. Transient diffusion of solvent in the liquid phase happens for times
t <5 s (hm = D )). The boundary layer is fully developed at times t > 5 s
and hm =- D( starts to increase because the radius R of the filament decreases
while the diffusion coefficient in the liquid does not vary much. Then the fast drying
process leads to several orders of magnitude decrease in the diffusion coefficient D,1
and thus in the overall mass transfer coefficient hm. As we showed in Section 6.1.4,
the dynamics of thinning are determined by the behavior of the polymer solution be-
fore capillary arrest at mass fractions x < 0.5, corresponding to the plateau observed
in hm for t < 6 s. This justifies that we can describe experimental data by picking
a constant mass transfer coefficient hm, independent of time. In Fig. 6-10(b), the
constant processability number Po = 0.0015 is compared to the processability num-
ber including a time dependent mass transfer coefficient hm(t)Tloo/o. We see that Po
represents a good average at times t < 6, before "capillary arrest", which represents
the range of time relevant to study the thinning dynamics.
Simple theoretical scaling give us an approximation of the average mass transfer coef-
ficient hm. The parameter texp is the typical time scale of the experiment. Neglecting
the gas resistance, a mass transfer coefficient hm D - is a good approximation
at times texp < R 2 /D, (during transient mass diffusion). For 1 < texp < 10 s we find
that 10-6 < hm < 10- 5 m/s, which is consistent with the value hm = 6.5 x 10-6 m/s
found in Section 6.1.1.
6.1.9 Predicting the behavior of nanofibers
We used the macroscopic experiments performed with CABER to validate our model
and determine the average mass transfer coefficient h,. We can now simulate the
behavior of drying liquid filaments on the microscopic scale. We consider the "Brush-
On" process on a micropatterned surface with 200 x 200 pim posts separated by
Lo = 330 pm. This means that Ro = 100 pm and A0 = 3.3. We assume that the
initial shape of the liquid bridge between two micropillars, resulting from the brushing
motion, can be computed with a reversed squeeze flow. The simulation parameters are
reported in Table 6.2. The evolution of the radius at the midfilament as a function
of time is reported in Fig. 6-11. Because of the reduction in the plate radius, the
initial value of the elasto-capillary number Eco is increased (i.e. elastic effects), while
Po remains constant compared to CABER experiments. The numerical simulations
show that this results in thicker fibers than the CABER experiments (Fig. 6-1) for
the same initial mass fractions.
0o(%) Ec0  P0 x 10- 3  tcpo(s)
20 0.71 0.68 0.021
22 0.65 1.5 0.046
24 0.61 3.1 0.097
26 0.65 6.0 0.19
28 0.49 9.8 0.30
Table 6.2: Parameters of numerical simulation on a microscale geometry with Ro =
100 tim and Lo = 330 am for various mass fractions. a = 10- 4 , s = 5 x 10-2 (for
numerical stability), A0 = 3.3 are constant parameters over all concentrations.
10-11 I I
- 20%
- 22%
... 24%
26%
28%
10- .
0 10 20 30
t
Figure 6-11: Prediction of thinning dynamics for a geometry with initial conditions
Ro = 100 ,um, Lo = 330 ,pm. The relevant values of the parameters for numerical
simulation are reported in Table 6.2.
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6.2 Stretched drying liquid bridges
In order to model the "Direct-Write" process presented in Section 2.1.2, we now add
the effect of stretching actively one of the plate with a constant velocity V, as we
showed in Fig. 3-2. This introduces a new dimensionless group, the capillary number
Cao = ooVp/, comparing the velocity of the plate V to the capillary velocity a/qoo.
6.2.1 Kinematics and stress evolution
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Figure 6-12: Sequence of images of the "Direct-Write" process for various initial
mass fractions and final aspect ratios. The shading represents the intensity of the
axial stress TP . (a) x0 = 0.24 and Af = 10. (b) xo = 0.26 and Af = 10. (c) x0o = 0.24
and Af = 20.
Numerical simulations of the "Direct-Write" process are performed for two dif-
ferent final aspect ratios Af and two different initial mass fractions x0 . The results
are gathered in Fig. 6-12, showing a sequence of shapes of the filament as a func-
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Figure 6-13: Simulation of the "Direct-Write" experiment for xo = 24 wt.%, Ec =
0.61, Po = 3.1 x 10- 3, Cao = 9.7 and Af = 10. (a) Evolution of the radius at the
midfilament with time. (b) Mass fraction of polymer at the midfilament as a function
of dimensionless time. (c) Contribution of the three components of the tensile stress
in Eq. (3.14) evaluated at the midfilament as a function of dimensionless time. (d)
Velocity profile at t = 0, 0.5, 2, 50.
tion of dimensionless time. The lubrication approximation is used to compute the
initial shape until the aspect ratio A0 = 3, then the liquid bridge goes under linear
stretching with a dimensionless velocity equal to the capillary number Cao until the
final aspect ratio Af. A fixed solvent viscosity ratio 3, = 0.1 can be chosen to de-
crease the computation time. Inside the thread, the shading represents the intensity
of the dimensionless axial polymeric stress Tz (scaled with the capillary stress U/Ro).
The axial polymeric stress increases during stretching, then relaxes at the end of the
stretching phase, and increases again because of the elongational flow imposed by
capillary thinning between two fixed plates. In Fig. 6-13, we focus on the dynamics
of the "Direct-Write" process for a single simulation with parameters xo = 24 wt.%,
Eco = 0.61, Po = 0.0031, Cao = 9.7 and Af = 10. Fig. 6-13(a) plots the midfilament
dimensionless radius hmid(t) as a function of dimensionless time. The mass fraction
of polymer at the midfilament is plotted in Fig. 6-4(b) as a function of dimensionless
time. Fig. 6-13(c) reports the three terms appearing in the tensile force in Eq. (3.14):
the solvent stress 3js , the capillary stress + h and the polymeric
h(l+h) (1+h)2
stress difference Tz - TPr. They are all evaluated at the midfilament (z = A(t)/2).
Fig. 6-4(d) shows the axial velocity profile at times t = {0, 0.5, 2, 50}. At early times,
we notice that the radius decreases rapidly corresponding to the stretching phase.
This stretching phase is very short compared to the whole thinning process, avoiding
drying while stretching which may trigger non uniformities in the radius of the fila-
ment. As the solvent evaporates, the capillary thinning process starts to slow down.
At time t = 20, the axial velocity profile is almost flat along the length of the fila-
ment, which means that drainage by convection stopped. However, the mass fraction
of polymer keeps increasing even for t > 20 and the filament radius now decreases
slowly by evaporation of the solvent. Because of the low value of the solvent viscosity
compared to the solution viscosity (ps << 1), we notice that the solvent stress is
negligible at all times.
6.2.2 Influence of aspect ratio, concentration and writing
speed
xo(%) Eco Po x 10-  tcpo(s) Cao
22 0.65 1.5 0.046 4.6
24 0.61 3.1 0.097 9.7
26 0.65 6.0 0.19 18.5
Table 6.3: Parameters of numerical simulation for the "Direct-Write" process match-
ing the experimental work of Scott Berry [10] for PMMA/chlorobenzene with a nee-
dle radius Ro = 100 ptm for various mass fractions. The drawing speed is 20 mm/s.
a = 10- 4, s = 0.1 (for numerical stability), A0 = 3 are constant parameters over all
concentrations and final aspect ratios.
In this section, we investigate the influence of various writing parameters on the
thinning dynamics and the final radius of the filament at equilibrium. The parameters
used for numerical simulations are reported in Table 6.3.
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Figure 6-14: Influence of various parameters on the "Direct-Write" process. Sim-
ulation parameters are reported in Table 6.3. (a) Influence of final aspect ratio at
fixed initial mass fraction x0 = 0.24 and fixed capillary number Cao = 9.7. (b) Final
radius at equilibrium at the midfilament hf as a function of final aspect ratio Af with
xo = 0.24 and Cao = 9.7. (c) Influence of initial mass fraction at fixed aspect ratio
Af = 10 and fixed capillary number Cao = 9.7. (d) Influence of writing speed at fixed
aspect ratio Af = 20 and fixed initial mass fraction x0 = 0.24.
In Fig. 6-14(a), we show the influence of the final aspect ratio on the radius at the
midfilament for x0 = 0.24, Cao = 9.7. In Fig. 6-14(b), we report the final equilibrium
radius at the midfilament hf as a function of final aspect ratio Af. The simulations
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have the same output up to t 0.5. Then, because of mass conservation, the radius
decreases more when the filament is stretched at higher aspect ratios. High aspect
ratios lead to thinner fibers, which is expected. In Fig. 6-14(c), we show the influence
of initial mass fractions for fixed stretching speed (Cao = 9.7) and fixed aspect ratio
(Af = 10). The final radius increases significantly with initial mass fraction. This
is expected because at high mass fractions, viscous and elastic effects are more im-
portant, preventing drainage by capillary thinning before the drying process occurs.
In Fig. 6-14(c), we study the influence of writing speed for fixed initial mass fraction
(xo = 0.24) and fixed aspect ratio (Af = 20). The final radius of the filament at
equilibrium decreases when the velocity of the plate is decreased. For Cao = 0.48,
significant drying happens during the stretching phase and the mass fraction at the
midfilament Xmid is equal to the mass fraction of glass transition xg = 0.85 at t = 20.
This means that the glass transition happens at t = 20 before the end of the stretching
phase at t e 35, which seems impossible because the solid material would fracture.
Our numerical model does not include any criterion for breaking a fragile material
like PMMA and it may be important to account for it in a future model if drying
during stretching is significant.
6.2.3 "State space" including stretching effects
We add a third dimension to the "state space" defined in Section 6.1.6, the instanta-
neous capillary number Cat = ro(t)V,/or. Large values of this parameter (Cat > 1)
means that the thinning dynamics are dominated by the stretching motion whereas
at low values of the parameter (Cat < 1) the thinning dynamics are driven by capil-
lary thinning. The limit Cat = 0 corresponds to a fixed length liquid bridge (i.e. no
stretching). In Fig. 6-15, we plot this three dimensional "state space" for an initial
mass fraction x0 = 0.24 (simulation parameters are reported in Table 6.3) and final
aspect ratio Af = 30. We also show the projection of this diagram in the plane
Ect - Pt and in the plane Ect - Cat. During the stretching phase, evaporation re-
sults in an increased viscosity and the capillary number increases. The large value
of the instantaneous capillary number Cat > 10 means that the thinning dynamics
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Figure 6-15: "State space" including stretching for x0 = 24 wt.%, Eco = 0.61, Po =
0.0031 and Cao = 9.7. Ect is the instantaneous elasto-capillary number, Pt is the
instantaneous processability number and Cat is the instantaneous capillary number.
They are all evaluated at the midfilament. The black dots materialize the trajectory
computed by numerical simulation at fixed time intervals of At = 2.
are dominated by the active stretching motion of the endplates, which is confirmed
in Fig 6-14(a) by the rapid decrease of the radius of the filament. At t = 3 the
final aspect ratio Af = 30 is reached and stretching is stopped, setting the capillary
number to zero (Cat = 0 for t > 3). After this time, the trajectory lies in the plane
Ect - Pt and the physics are the one of a fixed length liquid bridge that we studied
earlier.
6.2.4 Comparison with "Direct-Write" experiments
"Direct-Write" experiments presented in Section 2.1.2 were performed by Scott Berry
at University of Louisville. A needle of radius R = 0.2 mm (gauge 22) is pressurized
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Figure 6-16: Comparison of the experimental "Direct-Write" data (from S.M. Berry)
with numerical simulation. Experiments were performed with a needle gauge 22
(Ro = 0.2 mm) and a writing speed of 20 mm/s. Simulation parameters are reported
in Table 6.3.
to deliver a solution of PMMA (M, = 996 kg/mol) in chlorobenzene. The length of
the fibers lies in the range 2 < Lf < 20 corresponding to final aspect ratios 10 < Af <
100 mm. The data is available for three different drawing speeds (V, = 1,5,20 mm/s).
Because of the high aspect ratios of the fibers, numerical simulations required a high
number of mesh points (NZ = 4000), increasing significantly the computation time
to satisfy the stability condition of our code. Simulations were run on a cluster
in the Department of Ocean Engineering during a month. We focused on a single
drawing speed of V, = 20 mm/s. We assume that the mass transfer coefficient
h, determined in Section 6.1.1 remains the same for stretching experiments. It is
true if the convective mass transfer appearing because of the axial stretching motion
is negligible compared to the radial diffusive mass flux. In most experiments, the
stretching phase is so fast compared to the thinning phase that it seems to be a
reasonable hypothesis. Simulation parameters are reported in Table 6.3.
In Fig. 6-16, we plot the final dimensionless radius at the midfilament hf against
_
Figure 6-17: Possible explanation of the discrepancy between experiments and nu-
merical simulations at low aspect ratios. (a,b) The polymer solution is continuously
supplied to the liquid bridge and the volume of fluid increases with time, leading
experimentally to thicker fibers. (c) If the fiber does not solidify before the needle
contacts the substrate, it sags on the substrate which increases its measured diameter
(SEM picture from Scott Berry [10]).
final aspect ratio Af for PMMA/chlorobenzene solutions of initial mass fractions x0 =
0.24 and x0 = 0.26. The experimental data is compared to numerical simulations.
A good agreement is found in the range of aspect ratios 50 < Af < 100. At lower
aspect ratios the experimental data shows a very high standard deviation and cannot
be trusted. Several experimental reasons can explain this standard deviation. First,
the liquid is continuously supplied to syringe and the stretched droplet may not have
a constant volume during stretching, explaining higher final radius at low aspect
ratios (Fig. 6-17(a,b)). The high drawing speed compared to flow rate of solution
supply explains that this error is minimized at higher aspect ratios. Moreover, the
fiber drawn on a substrate may not be totally dry and sag on that substrate, which
is illustrated in Fig. 6-17(b).
6.3 Designing polymer solutions for controlled ra-
dius reduction
The model developed in this thesis provides guidelines to design polymer solutions
leading to uniform microfibers or nanofibers. Inertia must be negligible to avoid
the formation of beads-on-string structures (Oh - 2 << 1). It is possible to fabricate
fibers with Newtonian solutions (Eco = 0) if the evaporation dynamics and thin-
ning dynamics are well balanced. They will have some axial uniformity because of
"differential drying". However, elasticity in the fluid (Eco > 0) provides a stabiliza-
tion mechanism that allows better control on the dynamics by tuning concentration
or molecular weight of the polymer. Elastic effects lead to more uniform fibers be-
cause of strain hardening. A two phase system with a volatile solvent is required
to form a stable thread by evaporation. Processability numbers of orders of magni-
tude 10-5 < P0o 10- 2 must be achieved to fabricate fibers from capillary thinning.
The choice of the solvent affects the processability number through the mass transfer
coefficient hm and the choice of the polymer chemistry, molecular weight and con-
centrations affects the elasto-capillary number as well as the processability number.
For stretched liquid bridges, high initial capillary numbers (Cao > 1) are preferred
to avoid thinning and drying while stretching. The stretching phase then results in
a very long liquid bridge between two fixed plates that goes under capillary thinning
and drying, with similar physics as fixed length liquid bridges.
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Figure 6-18: State space, mapping the trajectories in the Ect - Pt plane, with 10-2 <
Eco < 1 and 10-5 < Po < 1. The simulations are run with a OD in space model
neglecting axial curvature.
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We want to exploit the useful tool of "state space" presented in Section 6.1.6
to design spinnable polymer solutions leading to user selectable orders of magnitude
reduction in the final filament radius. In the remaining of this section, we only focus
on fixed length liquid bridges and active stretching of the endplates is not considered.
In order to achieve sufficient data density, numerical simulations in this section are
implemented using a simpler OD in space approximation (no axial curvature) described
in the paper by Entov & Hinch [36], coupled with our mass transfer model to account
for solvent evaporation. Fig. 6-18 shows a map of the trajectories of the system in
the Pt - Ect diagram. Two different types of trajectories can be identified: when the
initial processability number Po < 10-2, the filament evolution starts with a vertical
line corresponding to capillary thinning with almost no drying. The processability
number remains constant and the importance of elastic effects grows as the radius
decreases and the deformation rate increases. When Ect > 1, elastic stresses dominate
and the balance of forces in the thread cross over to elasto-capillary equilibrium. The
radius of the thread still decreases until a sharp turning point occurs, corresponding
to capillary arrest and a fast drying process. For Po << 1, this turning point is
independent of the initial elasto-capillary number Eco for a given P0 . What does
change is the time required to reach this point and the axial uniformity of the filament.
When the initial processability number Po > 10-2, significant drying and capillary
thinning occurs simultaneously and at all times. This corresponds to small decreases
in the total reduction in the radius and low axial uniformity. The initial value of
the processability number P = hm9oo/u controls the amount of drainage possible by
capillary thinning before drying becomes too important. In order to quantify those
observations we have to determine when the turning point occurs in the Ect-Pt plane.
It is the point when a significant fraction of solvent is evaporated during the evolution
time scale of the system at time t. This time scale can be the actual visco-capillary
time scale tcap or the actual relaxation A depending on the force balance at time
t. To translate this criterion, we can scale the dimensional version of the continuity
equation for the polymer solution (Eq. 6.1) to find when the ratio of evaporative mass
flux to the change in volume at the midfilament is equal to 1%. If the turning point
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happens during visco-capillary equilibrium, then we have:
Rh t capRh
R2 10-2 t R2 R 10 - 2 P(TP) 10- 2  (6.7)
at
where tcap = rloR/a is the visco-capillary time scale based on the actual value of the
variables and the subscript (TP) stands for turning point.
If the turning point happens during elasto-capillary equilibrium, this criterion trans-
lates into:
Rh, RhmARhm 10-2 RhmA 1 0 - 2 < P(TP)Ec(TP) 10-2 (6.8)
dR 2  R2
at
Pt remains almost constant at the initial value Po if P < 10- 2 , because the drainage
by capillary thinning dominates the evaporative mass flux. However, the mass flux of
solvent compared to the total volume increase as the surface to volume ratio increase,
which will lead to a turning point. Eq. (6.8) then becomes PoEc(TP) r 10- 2 . EC(Tp)
can be related to the total radius reduction hf by hf = R(TP)/R o Eco IfEc(Tp)"
we want X orders of magnitude of radius reduction then hf = Rf/Ro = 10- X and
Eq. (6.8) becomes:
PoEco 10-2-X hm 1 0 -2-X (6.9)
Ro
This result is valid only if the fluid is viscoelastic (A0o > 0) and when the turning
point happens during elasto-capillary equilibrium. Another type of scaling would be
required in the case of a Newtonian fluid. This analysis provides additional guide-
lines to engineer polymer solutions for micro or nano fibers fabrication. First, the
initial processability number must satisfy Po < 10-2, otherwise, drainage by capil-
lary thinning is prevented by significant evaporation, leading to thick fibers and low
axial uniformity. When P < 10- 2 is satisfied, then we have the simple criterion
S10 - 2 -X to predict how many order of magnitudes X the fiber will thin. A re-
markable result is that this criterion does not depend on the viscosity of the solution.
The viscosity only determines how fast the process of capillary thinning and drying
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Figure 6-19: Map of the equilibrium radius as a function of Eco and P0 with xo =
22 wt.%. The shading represents the radius reduction in logarithmic scale loglo(h).
The simulations are run with a OD in space model neglecting axial curvature, and
assuming a constant mass transfer coefficient. Simulations are stopped at h = 10- 4
(corresponding to fibers below 10 nm assuming Ro = 100 pm), which is considered
as a numerical criterion for breakup of the fiber.
Another useful tool is represented in Fig. 6-19, which maps the final equilibrium
radius hf = Rf/Ro as a function of Eco and Po. At large values of those param-
eters, microfibers will be obtained. As they are decreased, radius reduction of two
to three orders of magnitude can be obtained. The numerical criterion for break-up
is arbitrarily chosen at h = 10- 4 . For the CABER experiments, this corresponds to
Rf = 0.3 pm. It is found experimentally that the failure of the filament happens on
larger length scales. Failure is not related to pinch-off at the middle of the filament
but is triggered by air perturbation breaking the top of the fiber connected to a liquid
droplet at the end-plate. For "Brush-On" type experiments with Ro = 100 pm, the
final radius Rf = 10 nm, which is a reasonable criterion for breakup. Axial uniformity
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of the fibers will be higher if high strains are achieved in the elasto-capillary region
before the fast drying process (P 0 < 10- 2 and Eco > 10-2).
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Chapter 7
Conclusions
We have developed a self-consistent one-dimensional model describing the simulta-
neous capillary thinning, stretching and drying of viscoelastic threads. Rheological
characterization of concentrated solutions of PMMA in chlorobenzene showed that the
dependence of the viscosity and relaxation time on concentration can be described by
exponential laws. Both of these parameters were found to increase by several orders
of magnitude during evaporation, providing a stabilization mechanism that allows
the formation of a stable thread even before glass transition. A single mode Giesekus
model was used to describe the non-linear viscoelastic rheology of the polymer so-
lution. We also developed a simple mass transfer model to describe the diffusion of
solvent in air with no forced convection. This model includes the mass transfer resis-
tance of both the liquid phase and the gas phase. Based on the output of numerical
simulations and the model for mass transfer, we showed that the choice of a constant
mass transfer coefficient independent of time was a consistent approximation. Dimen-
sional analysis showed that this problem can be compactly represented using three
dimensionless groups: the elasto-capillary number, comparing visco-capillary thin-
ning and elasticity in the fluid, the processability number comparing the evaporation
time scale to the visco-capillary time scale, and the capillary number comparing the
stretching velocity to the capillary velocity. A robust numerical simulation code (in
an Eulerian formulation) was written using an explicit time-stepping scheme. The
mass transfer coefficient was determined by fitting the capillary thinning data to nu-
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merical simulations. As the thread undergoes capillarity-driven drainage, calculations
show that the balance of forces evolves, depending on the local concentration of the
polymer and the rate of mass transfer across the surface. The dynamics may involve
a visco-capillary balance, an elasto-capillary balance or a balance between the non-
linear term in the Giesekus model and capillarity. Capillary drainage increases the
surface to volume ratio up to a critical moment when the evaporative mass flux of
solvent is sufficient to allow a fast drying process. We called this process "capillary
arrest". After "capillary arrest", the axial convective motion (drainage) is negligible
compared to solvent evaporation. We use a "state space" representation to show
the evolution of the balance of forces based on instantaneous values of the different
dimensionless groups. The output of numerical simulations was used to compute the
trajectory of the thinning thread in this three-dimensional space that is formed by the
relevant dimensionless groups that we identified. We found that the axial uniformity
of the filament has two contributions: a strain-hardening contribution highlighting
the importance of fluid elasticity, and a "differential drying" contribution coming
from the different rates of drying (implying different viscosities) of neighboring fluid
particles. For fixed length liquid bridges (i.e. in the absence of imposed stretching),
the final equilibrium radius was mapped as a function of initial elasto-capillary num-
ber and initial processability number, providing useful engineering tools to fabricate
micro and nano fibers. Theoretical scalings showed that the diameter of the filament
at equilibrium can be predicted simply by knowing the initial relaxation time of the
solution, the initial geometry and the mass transfer coefficient. The effects of an im-
posed stretching were investigated showing the influence of final aspect ratio, writing
speed and initial mass fraction. Numerical simulations were compared to "Direct-
Write" experiments and showed good agreement at large final aspect ratios. Finally,
we provided guidelines that can help engineer solutions that lead to axially uniforms
microfibers or nanofibers.
The modeling and analysis presented in this thesis can be applied to any process
involving time-dependence evolution of the viscoelastic properties of the fluid: for
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instance simultaneous polymerization and capillary thinning; or cooling, vitrefication
in cunjunction with capillary thinning. The present work can be extended with a two-
dimensional analysis, accounting for accurate transient and non uniform diffusion
processes within the fluid. Many improvements are possible for the mass transfer
model and non-isothermal flows could be modeled in the case of simultaneous drying
and cooling. It would be of interest to test the guidelines that we developed to engineer
microfibers and nanofibers over a larger range of polymer solutions, with different
chemistry, molecular weight and solvent volatility. The role of elasticity and the effects
of "differential drying" (Chapter 6.1.7) also need to be investigated in more details
with the goal of fabricating very uniform fibers with applications in microphotonics as
wave guides [2]. The work presented in this thesis provides the first broadly applicable
steps toward understanding the physics of simultaneous capillary thinning and drying
necessary for the integration of new micro/nano fabrication methods at the industrial
scale in the fields of material science, biotechnology and MEMS.
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Appendix A
Rheological data
Table A.1: Fitting data for SAOS using a gei
mass fraction x for solutions of PMMA (M,
relaxation time has units of seconds and the
neralized Maxwell model as a function of
= 996 kg/mol) in chlorobenzene. The
shear modulus has units of Pascals.
x A (s) 7o (Pa s)
0.16 0.0048 1.3
0.18 0.012 2.3
0.20 0.015 4.2
0.22 0.030 11
0.24 0.059 21
0.26 0.12 40
0.28 0.15 69
0.30 0.49 200
Table A.2: Average relaxation time A and zero
of mass fraction x for solutions of PMMA (M,,
shear rate viscosity 7o as a function
= 996 kg/mol) in chlorobenzene.
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x A1 Gi A2  G 2  A3  G3 A4  G 4  A5  G 5  A6  G 6
0.16 0.00182 499 0.0146 6.99 0.0352 1.60 0 0 0 0 0 0
0.18 0.00184 754 0.0180 0.0750 0.211 0.0112 1.11 0.0112 0 0 0 0
0.20 0.00181 1210 0.014 41.3 0.0226 44.9 0.124 1.669 0 0 0 0
0.22 0.00178 1850 0.0140 197 0.0439 53.1 0.156 1.80 0.323 0.757 0 0
0.24 0.00182 2680 0.0163 433 0.0163 70.8 0.225 2.46 0.725 1.11 0 0
0.26 0.00184 3530 0.0106 67.3 0.0196 643.6 0.0829 82.1 0.187 41.9 0.596 0.907
0.28 0.00177 4460 0.0150 1000 0.0813 304 0.586 19.1 0 0 0 0
0.30 0.00175 6760 0.0159 1910 0.073 662 0.204 80.8 0.339 136 0.605 7.51
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Appendix B
Numerical simulation code
#include <stdlib .h>
#include <math.h>
#include <stdio.h>
// Release: 3/31/09 Jerome Crest and Jean-Christophe Nave //
//Description: this code computes the simultaneous capillary thinning and stretching
//of a liquid bridge with drying.
//1D solver , slender body approximation, can simulate CABER, FISER and linear stretching
//INPUTS:
//Ec: elasto-capillary number
//P: processability number
//betas : ratio of solvent viscosity to total viscosity
//Caover2: capillary number at the midfilament(Ca=0 for CABER)
//LambdaOover2: half aspect ratio at the end of reversed squeeze flow
//Lambdafover2: half final aspect ratio (Lambdaf=LambdaO for CABER)
/xO: initial mass fraction
//Giesekus fluid :
//etap : viscosity dependence on concentration
//lambda: relaxation time dependence on concentration
//alpha: anisotropic drag coefficient
//Newtonian fluid :
7/beta.sf: viscosity dependence on concentration
#define
#define
#define
#define
#define
#define
#define
#define
#define
NZ 400 //Number of mesh points, half fiber. Choose 200 points per unit aspect ratio
TSAV 1000 //Save an output file every TSAV iterations
TSCREEN 1000 //Shows the computation progress after TSCREEN iterations
TMAX 100000000 //Total duration of computation
MODEL 1 //GIESEKUS==1 - NEWTONIAN==2
STRETCHING 2 //LINEAR==1 - EXPONENTIAL==2
PI (4.0* atan (.0))
ONE.THIRD (1.0/3.0)
TWO-THIRD (2.0/3.0)
static double Ec, beta, betas ,dz , Lambda0over2 , Lambda0over2_0 ,Lambdafover2 , dt ,t ,xO ,P, strainrate ;
static double fibermass [TMAX/TSAV+1], timev [TMAX/TSAV+1], v.plate , Caover2, drdz [NZ] , d2rdz2 [NZ];
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static int ts , ts.save;
FILE *fpl=NULL;
double totalmass(double r.squared[NZ]);
void RK3TVD(double r.squared.n [NZ] ,double Tzz.n [NZ] ,double Trr-n [NZ] ,double vn [NZ] ,double xn [NZ]);
void updatedomainparameters ();
void EulerStep(double rsquared [NZ] , double Tzz[NZ] ,double Trr[NZ] ,double v[NZ] ,double x[NZ]);
void opening.phase (double rsquared [NZ]);
void EulerStep.mass.conservation.A (double rsquared [NZ], double v[NZ], double x[NZ], double A[NZ])
void EulerStep.mass.conservationB (double r.squared [NZ], double v[NZ], double x[NZ], double B[NZ]);
void Compute.Stress.Difference.G (double Tdiff[NZ], double Tzz[NZ], double Trr[NZ], double x[NZ]);
void Compute.Stress.Difference.N(double Tdiff[NZ] , double Tzz[NZ] , double Trr[NZ] , double x[NZ]);
void GetRsquaredandx(double r.squared [NZ], double x[NZ], double A[NZ], double B[NZ]);
void EulerStep..momentumconservationG (double Tzz[NZ] ,double Trr[NZ],double v[NZ] ,double x[NZ]);
void EulerStep.momentum.conservation.N (double Tzz[NZ] ,double Trr[NZ] ,double v[NZ] ,double x[NZ]);
double velnodes(int i);
void Elliptic.constraint_N(double rsquared [NZ] ,double Tdiff[NZ] ,double v[NZ] ,double mf[NZ]);
void Elliptic.constraint (double r.squared [NZ] ,double Tdiff[NZ],double v[NZ]);
void TridiagonalSolve(const double *a,const double *b, double *c,double *d,double *x,unsigned int n);
void bcforrsquared (double rsquared [NZ]);
void bcforTzz(double Tzz[NZ]);
void bc.forTrr(double Trr[NZ]);
void bcdfor.v(double v[NZ]);
inline double weno(const double vl,const double v2,const double v3,
const double v4,const double v5,const double epsilon);
double sqr(double a);
double etap(double x);
double lambda(double x);
double alpha(double x);
double beta.sf(double x);
void copyfield (double in[NZ] ,double out[NZ]);
void copyscale_field(double in[NZ],double out[NZ] ,double scaling_in, double scaling_out);
void initializeparameters();
void initializefields (double Trr[NZ] ,double Tzz[NZ],double r.squared[NZ] double v[NZ],double x[NZ]);
void save(double *rsquared ,double *Trr,double *Tzz,double *v,double *x);
int main(void)
{
int i;
static double Trr[NZ] ,Tzz [NZ] ,r.squared [NZ] ,v[NZ] ,x [NZ] ,dtsave ,TO[NZ];
initializeparameters (); //Initialize the parameters of simulation
opening.phase(rsquared ); //Compute the initial profile with lubrication approximation
bcforrsquared (rsquared ) ;
initialize-fields(Trr, Tzz , r-squared ,v,x); //Initialize x, Tzz, Trr
Compute.Stress.Difference.G (TO, Tzz, Trr , x);
Elliptic.constraint(r.squared ,TO,v); //Initial velocity in equilibrium with initial shape
ts=O;
timev[0] =0.0;
save(rsquared ,Trr,Tzz,v,x);
dtsave=dt;
for ( ts=1;ts <=TMAX; ts++)
RK3TVD( rsquared , Tzz, Trr , v, x);
if( ts%TSCREEN==O) print f (" ts=%d-----time=-.%e.-.. mass=-%e\n" , ts , t , totalmass( rsquared ) ) ;
if ( t s%TSAV==0) {
ts.save++; timev [ts.save]=t; fibermass [ ts.save]=total..mass (rsquared);
save(r-squared ,Trr,Tzz,v,x);
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double total.mass(double r.squared[NZ]) //calculate the mass with Simpson 's rule
{
int i;
double mass, ml, m2,m3;
mass =0.0;ml=0.0;m2=0.0;m3=0.0;
for( i=4;i<=NZ-5;i+=2) ml+=r-squared [i ];
ml * = 4.0;
for ( i =5; i<=NZ- 6; i+=2) m2+=r.squared [i ];
m2 * = 2.0;
mass=(dz/3.0)*(ml+m2+ r.squared [3] + r.squared [NZ-4]);
return (PI*mass);
}
void RK3TVD(double rsquared.n [NZ], double Tzz.n [NZ] ,double Trr.n [NZ] ,double v.n [NZ] ,double x.n [NZ])
{
//Runge-Kutta TVD scheme
static double r.squared[NZ] ,Tzz [NZ] ,Trr [NZ] ,v [NZ] ,x[NZ];
copy.field (r-squared-n , r-squared);
copy.field(Tzz.n,Tzz);
copy.field (Trrn , Trr);
copyfield(vn ,v);
copy.field (x.n ,x);
EulerStep ( r.squared , Tzz , Trr , v, x);
EulerStep (r_squared ,Tzz , Trr ,v, x);
copy_scalefield (r-squared.n , r-squared ,0.75 ,0.25);
copy_scalefield (Tzzn ,Tzz ,0.75 ,0.25);
copy sc ale-fie ld ( Trr.n ,Trr , 0.75, 0.25);
copy_scale_field (vn ,v ,0.75 ,0.25);
copy_scale_field (x.n ,x ,0.75 0.25);
EulerStep ( r.squared , Tzz , Trr , v, x);
copy.scale-field (rsquared.n , r.squared ,ONE.THIRD,TWO-THIRD);
copy.scalefield (Tzzn , Tzz, ONETHIRD,TWO.THIRD);
copy scale._field (Trr.n , Trr ,ONETHIRD,TWOTHIRD);
copy .scale field ( vn , v ,ONETHIRD, TWOTHIRD) ;
copy .scale -field ( xn , x, ONETHIRD,TWOTHIRD) ;
copy.field (r-squared , r-squared.n );
copy-field (Tzz, Tzzn ) ;
copyfield (Trr, Trrn);
copy.field (v, v.n);
copy-field (x, x.n );
t+=dt;
update-domain.parameters ();
void update.domain.parameters ()
{
//Linear stretching then stop at aspect ratio Lambdafover2
if (STRETCHING== 1)
if (LambdaOover2<=Lambdafover2) LambdaOover2+= Caover2*dt;
else Caover2=0.0;
}
//Exponential stretching then stop at aspect ratio Lambdafover2
else if (STRETCHING==2){
if (LambdaOover2<=Lambdafover2) {
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Caover2=strain rate *Lambda0over2.0*exp ( st rainrate st
Lambda0over2=Lambdaover2.0*exp ( strainrate *t);
}
else Caover2=0.0;
dz=(Lambda0over2 ) /(double)(NZ-7); //update mesh size
}
void EulerStep (double rsquared[NZ], double Tzz[NZ] ,double Trr[NZ] , double v[NZ] ,double x[NZ])
{
static double A[NZ] ,B[NZ], Tdiff[NZ]
EulerStep.mass.conservation-A (rsquared ,v, x,A);
EulerStep.massconservation.B (rsquared ,v,x,B);
GetRsquaredandx ( rsquared , x ,A,B);
if (MODEL-1)
// Giesekus Model
EulerStepmomentum.conservation.G (Tzz, Trr v, x);
ComputeStress.Difference.G (Tdiff , Tzz , Trr x);
Elliptic.constraint (r-squared ,Tdiff , v);
}
else if (MODEL_=2)
{
// Newtonian Model
EulerStep.momentumconservation.N (Tzz , Trr , v, x);
Compute.Stress.Difference.N (Tdiff ,Tzz ,Trr,x);
Elliptic.constraintN (rsquared , Tdiff ,v,x);
}
void opening.phase (double r.squared[NZ]) //lubrication reversed squeeze flow
{
int i,k;
static double lambdal,tp,temp,z;
lambdal -=2.0/3.0;
tp=log (2.0* Lambda0over2/lambdal);
for ( i =3; i<NZ- 3; i++)
{
z= dz*((double)(i -- 3));
//Analytical function Rlub=f(Zlub)
temp= 0.1el / (0.4el * z * z * exp(tp) - 0.4el * z * lambdal * pow(exp(tp),
0.2el) - 0.4el * z * z + 0.4el * z * lambdal * exp(tp) - lambdal * lambdal *
pow(exp(tp), 0.2el)) * (0.4el * z * z * exp(tp) - 0.4el * z * lambdal *
pow(exp(tp), 0.2el) - lambdal * lambdal * pow(exp(tp), 0.2el) - 0.4el * z * z +
0.4el * z * lambdal * exp(tp) + sqrt(0.16e2 * pow(z, 0.4el) + 0.4el * z *
pow(lambdal, 0.3el) * pow(exp(tp), 0.4el) - 0.32e2 * pow(z, 0.3el) * lambdal *
exp(tp) + 0.24e2 * z * z * lambdal * lambdal * pow(exp(tp), 0.2el) - 0.8el * z
* pow(lambdal, 0.3el) * pow(exp(tp), 0.3el) - 0.16e2 * pow(z, 0.4el) * exp(tp)
+ pow(lambdal, 0.4el) * pow(exp(tp), 0.4el) + 0.32e2 * pow(z, 0.3el) *
pow(exp(tp), 0.2el) * lambdal - 0.20e2 * z * z * pow(exp(tp), 0.3el) * lambdal
* lambdal)) / 0.2el;
r_squared [ i]= sqr (pow( sqr (2.0*temp - 1.0) -(4.0*temp*(temp-1.0)*exp(-tp) , 3.0/4.0));
printf(" Done-opening -phase ... \n");
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void Compute.Stress.Difference.G (double Tdiff [NZ] ,double Tzz[NZ] ,double Trr[NZ] ,double x[NZ])
{ //Compute the stress difference for Giesekus
int i;
for ( i=0;i<NZ; i++)
{
Tdiff [ i]=Tzz [ i]-Trr [i ];
}
}
void ComputeStressDifferenceN (double Tdiff [NZ] , double Tzz [NZ] ,double Trr [NZ] ,double x [NZ])
{ //Compute the stress difference for Newtonian fluid
int i;
for ( i=0; i<NZ; i++)
{
Tdiff[i]=0.0;
}
}
void GetRsquaredand-x (double r.squared [NZ], double x[NZ] ,double A[NZ] ,double B[NZ])
{
int i;
for ( i =0;i<NZ; i++)
{
r_squared [i]= A[ i]+B[i ];
x [i]= A[i]/(A[i]+B[i]);
}
bc.for.r.squared (r-squared);
void EulerStepmassconservation.A (double r_squared [NZ] ,double v [NZ] ,double x [NZ] , double A[NZ])
{//Continuity equation for the polymer phase
int i;
static double epsilon ,Anew[NZ], vl,v2, v3, v4,v5, drsqdz ,dvdz;
epsilon=l.e-6;
for ( i =0;i<NZ; i++) A[ i]=rsquared [ i] *x [ i ];
for ( i =3;i<NZ-3; i++)
{
if((v[i]- vel-nodes(i))>0.0)
vl=(A[i -2]-A[i -3])/dz;
v2=(A[i-1]-A[i -2])/dz;
v3=(A[ i ]-A[i -1])/dz;
v4=(A[ i+1]-A[ i ])/dz;
v5=(A[ i +2]-A[ i +1])/dz ;
drsqdz=weno(vl , v2 , v3 , v4 , v5, epsilon );
else
{
vl=(A[ i +3]-A[ i +2])/dz ;
v2=(A[ i +2]-A[ i +1])/dz ;
v3=(A[ i+1]-A[ i ])/dz;
v4=(A[ i ]-A[i -1])/dz;
v5=(A[i -1]-A[i -2])/dz;
drsqdz=weno(vl ,v2 ,v3 ,v4, v5,epsilon);
dvdz= 0.5*(v[ i+1]-v[i -1])/dz;
Anew[i]=A[i]-dt*(A[i]*dvdz + v[i]*drsqdz - velnodes(i)*drsqdz);
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for(i=3;i<NZ-3; i++) A[i]=Anew[i];
bcforr-squared (A);
void EulerStepm ass.conservationB (double rsquared [NZ] , double v [NZ] ,double x [NZ] ,double B[NZ])
{//Continuity equation for the solvent phase
int i;
static double epsilon ,Bnew[NZ],vl,v2,v3,v4,v5, drsqdz,dvdz;
epsilon =-.e-6;
for(i=-0;i<NZ; i++) B[i]=r...squared [ i*(1.0 -x [i]) ;
for( i =3;i<NZ-3; i++)
if((v[ij- velnodes (i)) >0.0)
{
vl=(B[i -2]-B[i -3])/dz;
v2=(B[i -1]-B[i -2])/dz;
v3=(B[ i ]-B[i -1])/dz;
v4=(B[ i+l]-B[i ])/dz;
v5=(B[ i+2]-B[ i +1])/dz;
drsqdz=weno(v1, v2, v3, v4 v5, epsilon);
}
else
{
vl=(B[ i +3]-B[ i +2])/dz;
v2=(B[ i +2]-B[ i +1])/dz;
v3=(B[ i+l]-B[i ])/dz;
v4=(B[ i ]-B[i -1])/dz;
v5=(B[ i -1]-B[ i -2])/dz;
drsqdz=weno(vl, v2 , v3 , v4, v5, epsilon);
dvdz= 0.5 * (v [i+1] - v [i - 1])/dz;
Bnew [ i]- =B [ i] - dt *(B[ i ] * dvdz+v [ i ]drsqdz -velnodes ( i )* drsqdz+
2.0*P*(1.0-x [ i ]) * sqrt ( rsquared [ i ] ));
for(i=3;i<NZ-3;i++) B[i]=Bnew[i];
bcforrsquared (B);
void EulerStep.momentumconservation.G (double Tzz [NZ] ,double Trr [NZ] ,double v [NZ] , double x [NZ])
{//Momentum conservation for Giesekus
int i;
static double epsilon , Tzznew[NZ] , Trrnew [NZ] ,vl, v2, v3, v4, v5 dTzzdz, dTrrdz, dvdz;
epsilon =.Oe-6;
// Tzz
for( i=3;i<NZ- 3;i++)
{
if((v[ i]-velnodes (i)) >0.0)
vl=(Tzz [i -2]-Tzz [i -3])/dz;
v2=(Tzz [i -1]-Tzz [i -2])/dz;
v3=(Tzz[ i ]-Tzz[i -1])/dz;
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v4=(Tzz [i+1]-Tzz [i ])/dz;
v5=(Tzz[ i+2]-Tzz [i +1])/dz ;
dTzzdz=weno(vl, v2 , v3 , v4 , v5 , epsilon );
}
else
{
vl=(Tzz [ i+3]-Tzz [ i +2])/dz ;
v2=(Tzz [ i+2]-Tzz [ i +])/dz;
v3=(Tzz [i+l]-Tzz[ i ])/dz;
v4=(Tzz[i ]-Tzz[i-1])/dz;
v5=(Tzz[ i -1]-Tzz [i -2])/dz;
dTzzdz=weno(vl , v2 , v3, v4, v5, epsilon);
}
dvdz= 0.5*(v[i+1]-v[i -1])/dz ;
Tzz.new[i]=Tzz[i] + dt*( (2.0*beta*eta.p(x[i])*dvdz - Tzz[i])/(Ec*lambda(x[i])) -
(alpha(x[i)*sqr(Tzz[i))/(et ap (x[i])*beta)-v[i]*dTzzdz+vel-nodes(i)*dTzzdz+2.0* dvdz*Tzz[i]);
// Trr
for( i =3;i<NZ-3; i++)
{
if((v[i]- velnodes( i))>0.0)
{
vl=(Trr [i -2]-Trr [i -3])/dz;
v2=(Trr [i-1]-Trr [i-2])/dz;
v3=(Trr[ i ]-Trr[i-1])/dz;
v4=(Trr [ i+1]-Trr [i ])/dz;
v5=(Trr [ i+2]- Trr [i +1])/dz;
dTrrdz=weno(vl , v2 , v3, v4, v5, epsilon);
}
else
{
vl=(Trr [ i+3]-Trr [i +2])/dz;
v2=(Trr [ i+2]-Trr [i +1])/dz ;
v3=(Trr [i+1]-Trr [i ])/dz;
v4=(Trr [i ]-Trr[i-l])/dz;
v5=(Trr [i -1]-Trr [i -2])/dz;
dTrrdz=weno(vl , v2 , v3 , v4 , v5, epsilon);
dvdz= 0.5 *(v [ i+1]-v [i -1])/dz;
Trrnew[i]=Trr[i] + dt*((-beta*etap(x[i])*dvdz - Trr[i])/(Ec*lambda(x[i]))-
(alpha(x[i])*sqr(Trr[i]))/(eta-p(x[i])*beta)-v[i]*dTrrdz+vel-nodes(i)*dTrrdz-dvdz*Trr[i]);
for(i=3;i<NZ-3;i++) Tzz[ i]=Tzz-new[i];
for( i=3;i<NZ-3; i++) Trr [ i= Trr.new [i];
bc-forTzz (Tzz);
bc.for.Trr (Trr);
void EulerStep-momentum.conservationN (double Tzz [NZ] ,double Trr [NZ] ,double v [NZ] ,double x [NZ])
{//Momentum conservation for Newtonian fluid
int i;
for(i=3;i<NZ-3;i++) Tzz[i]=0.0;
for(i =3;i<NZ-3;i++) Trr[i]=0.0;
bcforTzz (Tzz);
bc.for.Trr (Trr )
double vel-nodes(int i) //velocity of the nodes for mesh convection
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return Caover2 *((double)( i -3)/(double) (NZ-7));
void Elliptic.constraint.N (double r_squared[NZ], double Tdiff[NZ] ,double v[NZ],double mf[NZ])
{//solve the force balance for Newtonian fluid , need specify beta.sf
int i ,k;
static double s [NZ] ,a[NZ-8],b[NZ-8],c[NZ-8],rhs[NZ-8],f,cl ,c2,x[NZ-8],norm;
for(i=3;i<NZ-3;i++)
{
d2rdz2 [ i -=(sqrt(r_squared [i -1])--2.0*sqrt(r_squared [ i])+ sqrt(rsquared i +1] ))/(dz*dz);
if( i==3) d2rdz2 [ i]=(2.0* sqrt ( r.squared [i]) -5.0* sqrt ( rsquared [i +1])+
4.0* sqrt ( rsquared [i+2])-sqrt(r_squared [i+3]))/(dz*dz);
drdz[i]= 0.5*(sqrt ( r_squared [i+1])-sqrt (r_squared [i -1]))/dz;
cl= sqrt(r_squared [i])/sqrt(1.0+sqr(drdz[i]));
c2= r squared [ i]*d2rdz2 [i]/pow(1.0+sqr(drdz[i]) ,1.5);
s [i]= cl+c2+r_squared [i] *(Tdiff[i ]);
}
for (i=4;i<NZ-4; i++) rhs [i-4]= -(1.0/3.0)*(0.5*(s [i+1]-s [i -1])/dz);
// LHS: tridiagonal system for the Poisson equation
for(i=4;i<NZ-4;i++)
{
a[i-4]= 0.5*( beta.sf(mf [i -1])* r-squared [i-1]+beta_sf(mf[1] ) * r-squared [i j)/(dz*dz);
b[i -4]= -0.5*( bet a.sf (mf[ i +1])* r.squared [i+1]+beta.sf (mf [i - 1])* rsquared [i -1]+
2.0*beta_sf(mf[i])*r...quared [i])/(dz*dz);
c [i -4]= 0.5* ( beta_sf (mf[ i ])* r-squared [i + betasf(mf[ i +1])* rsquared [i +1])/(dz*dz);
rhs [NZ-9]--c [NZ-9]*Caover2;
TridiagonalSolve(a,b,c,rhs ,x,NZ-8);
// Now the solution is in RHS
for(i=4;i<NZ-4;i++) v[i]=x[i -4];
v[3]=0.0;
v [NZ-4]=Caover2;
bc.for.v (v);
void Elliptic.constraint (double r_squared[NZ], double Tdiff [NZ] ,double v[NZ])
{//Solve the force balance for non-Newtonian fluids
int i ,k;
static double s[NZ],a[NZ-8],b[NZ-8],e [NZ-8],rhs[NZ-8],f,cl,c2,x[NZ-8] ,norm;
for(i=3;i<NZ-3;i++)
{
d2rdz2 [i ]=( sqrt( rsquared [i -1]) -2.0* sqrt( rsquared [i ])+ sqrt ( r.squared [i +1] ))/(dz*dz)
if( i==3) d2rdz2 [ i =(2.0* sqrt ( r.squared [i]) -5.0* sqrt ( r.squared [i +1])+
4.0* sqrt( r-squared i+2])- sqrt (r.squared [i +3] ))/(dz*dz);
drdz [ i]= 0.5* ( sqrt( r_squared [ i+1])- sqrt (r_squared [i-1]))/dz;
cl= sqrt ( rsquared [i ) / sqrt (1.0+ sqr(drdz [ i ] ) ) ;
c2= r.squared [ i]* d2rdz2 i]/pow(1.0+ sqr(drdz [ i ,1.5);
s [ i]= cl+c2+rsquared [i]* ( Tdiff [i ]);
for ( i =4;i<NZ-4; i++) rhs [ i -4]= -(1.0/(3.0 beta_s ))*(0. 5 (s [i+1]-s i -1])/dz) ;
// LHS: tridiagonal system for Poisson equation
for(i-=4; i<NZ-4; i++)
{
a[i-4]= 0.5(r-squared [i -1]+r-squared [i])/(dz*dz);
b [i -4]= -0.5*( rsquared [ i+1]+rsquared [i -1]+2.0* r.squared [ i ) / ( dz*dz ) ;
c i -4]= 0.5*(r _squared [i]+r_squared [ i +1])/(dz*dz ) ;
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I
rhs [NZ-9]-=c [NZ-9]*Caover2;
TridiagonalSolve (a, b, c , rhs , x,NZ-8);
// Now the solution is in RHS
for(i=4;i<NZ-4;i++) v[i]=x[i-4];
v[3]=0.0;
v [NZ-4]=Caover2;
bcfor.v (v);
void TridiagonalSolve(const double *a,const double *b,
double *c,double *d,double *x,unsigned int n)
{//Solver for tridiagonal system
int i;
//Modify the coefficients.
c[0] = c[0]/b[O];
d[O] = d[O]/b[O];
double id;
for(i = 1; i != n; i++){
id = 1.0/(b[i] - c[i - 1]*a[i]);
c[i] = c[i]*id;
d[i] = (d[i] - a[i]*d[i - 1])*id;
//Now back substitute.
x[n - 1] = d[n - 1];
for(i = n - 2; i != -1; i--) x[i] = d[i] - c[i]*x[i + 1];
void bcfor._rsquared (double rsquared [NZ])
{
// at z-=O extrapolation by antisymmetry
rsquared [2]= 2.0* r.squared [3] - r.squared [4];
rsquared [1]= 2.0* r.squared [3]- r.squared [5];
r.squared [0]= 2.0* r.squared [3] - r.squared [6];
// at z=-LambdaO/2 -- reflection -- > half domain
r.squared [NZ-3]= r.squared [NZ-5];
r.squared [NZ-2]= r..squared [NZ-6];
r.squared [NZ-1]= r.squared [NZ-7];
void bcfor.Tzz(double Tzz[NZ])
{
// at z=O
Tzz [2]=2.0*Tzz[3] -Tzz [4];
Tzz [1]= 2.0* Tzz [3] - Tzz [5];
Tzz[0]=2.0*Tzz[3]-Tzz [6];
// at z=LambdaO/2
Tzz [NZ-3]=Tzz [NZ- 5];
Tzz [NZ-2]=Tzz [NZ- 6];
Tzz [NZ-1]=Tzz [NZ- 7];
void bc-for.Trr(double Trr[NZ])
{
// at z=O
Trr [2]=2.0*Trr[3]- Trr [4];
Trr [1]=2.0*Trr[3] - Trr [5];
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Trr [0] =2.0* Trr [3]- Trr [6;
// at z=Lambda0/2
Trr [NZ-3]=Trr [NZ- 5];
Trr [NZ-2]=Trr [NZ- 6];
Trr [NZ-1]=Trr [NZ-7];
void bcfor.v(double v[NZ])
{
// at z=O
v[2]=--v[4];
v[l]=-v[5];
v[0]=-v [6];
// at z=LambdaO/2
v[NZ-3]= 2.0*vel-nodes(NZ-4) 
-v[NZ-5];
v[NZ-2]= 2.0*velnodes(NZ-4) -v[NZ-6];
v[NZ-1]= 2.0*velnodes(NZ-4) 
-v[NZ-7];
}
inline double weno(const double vl,const double v2,const double v3,
const double v4,const double v5,const double epsilon)
{//WENO= weighted essentially non-oscillatory scheme
double sl=13.0/12.0 sqr(vl -2.0*v2+v3)+.25 sqr(v1-4.0*v2+3.0*v3);
double s2=13.0/12.0ssqr(v2-2.0.v3+v4)+.25*sqr (v2-v4);
double s3=13.0/12.0*sqr(v3 
-2.0*v4+v5)+.25*sqr(3.0*v3 
-4.0*v4+v5 );
double al=.1/sqr(epsilon+sl);
double a2=.6/sqr(epsilon+s2);
double a3=.3/sqr(epsilon+s3);
double wl=al/(al+a2+a3);
double w2=a2 / (al+a2+a3);
double w3=1.0-wl-w2;
return wl*(vl/3.0-7.0*v2/6.0+11.0*v3/6.0)+w2*(-v2/6.0+5.0.v3/6.0+v4/3.0)
+w3*(v3/3.0+5.0* v4/6.0- v5/6.0);
double sqr(double a)
{
return a*a;
}
double eta.p(double x) //Polymer viscosity dependence on mass fraction
{
double temp;
temp=exp(36.0 * (x-x0));
return temp;
}
double lambda(double x) //Relaxation time dependence on mass fraction
{
double temp;
temp=exp(31.O(x-xO));
return temp;
}
double alpha(double x) //Anisotropic drag coefficient in Giesekus model
{
double temp;
temp=0.0001;
return temp;
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void copy_field (double in[NZ] ,double out [NZ])
{
int i;
for(i=0;i<NZ;i++) out[i]=in[i];
void copy.scale-field (double in[NZ],double out[NZ] ,double scalingin , double scalingout)
{
int i;
for(i=0;i<NZ;i++) out [i]=scaling.in*in[i] + scaling.out*out [i;
}
double beta.sf(double x) //Viscosity dependence with mass fraction (MODEL==2)
{
return exp(36.0*(x-xO));
}
void initialize_parameters ()
{
Lambdaover2=3.0/2.0; //LambdaO/2, half of aspect ratio after squeeze flow
Lambda0over20O=Lambda0over2;
Lambdafover2=50.0/2.0; //Lambdaf/2, half of aspect final ratio
dz=(Lambdaover2) / (double) (NZ- 7); //Initial mesh
beta.s= 0.1; //Ratio solvent viscosity/total viscosity
beta = 1.0- beta-s;
Caover2=5.0/2.0; //Capillary number at the midfilament for linear stretching
strainrate=1.0; //Imposed strain rate for exponential stretching
Ec=0.65; //Elasto-capillary number
x0=0.22; //Initial mass fraction
P=0.0015; //Processability number
dt=(0.001/20.0); //Time step, must satisfy stability condition dt<130 x beta.s x dz^2
t=0.0; //Starting time for computation
void initialize-fields (double Trr[NZ] ,double Tzz[NZ],
double r.squared [NZ] ,double v[NZ] ,double x[NZ])
int i;
for (i=0;i<NZ; i++)
{
if(MODEL-==1)
{
Tzz[ i ]=0.0;
Trr[ i ] =0.0;
x[i]=x0;
void save(double *rsquared double *Trr,double *Tzz,double *v, double *x)
{
int i;
char filename [100];
sprintf(filename , "%s-%cd. dat\0","znodes" ,ts);
fpl= fopen(filename, "w" );
for( i=3;i<NZ-3;i++) fprintf(fpl "%d_%2.15e\n",i,( (double)( i -3))*dz)
fclose ( fpl );
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sprintf(filename , "%s- cd . dat\0" ,"r" , ts);
fpl= fopen(filename, "w" );
for(i=3;i<NZ-3; i++) fprintf(fpl, "0%d%2.15e\n" , i , sqrt(r_squared[i]) ;
fclose (fpl );
sprintf(filename , "%s-7d. dat\0" ,"velocity" ,ts);
fpl= fopen(filename ,"w" );
for(i=3;i<NZ-3;i++) fprintf(fpl, "%d.%2.15e\n", i ,v[i]);
fclose(fpl);
sprintf(filename , "%s-%Vd. dat\0" ,"Trr" ,ts);
fpl= fopen (filename, "w" )
for(i-3;i<NZ-3;i++) fprintf(fpl, "%d.' %2.15e\n" ,i ,Trr[i );
fclose ( fpl );
sprintf(filename , "%s-%d. dat\0" ,"Tzz" , ts);
fpl= fopen(filename, "w" );
for(i=3;i<NZ-3;i++) fprintf(fpl, "%d %2.15e\n" ,i ,Tzz[i]);
fclose (fpl);
sprintf(filename , "%s- od. dat\0" ,"x" , ts);
fpl= fopen(filename ,"w" );
for(i=3;i<NZ-3;i++) fprintf(fpl, "%d-%2.15e\n" , i ,x[i]);
fclose ( fpl );
sprintf(filename , "%s .dat\0" ,"fiber_mass");
fpl= fopen(filename ,"w" );
for ( i =O;i<=t ssave; i++) fprintf (fpl , "%2.15e.%2.15e\n" , timev [ i ] , fibermass [ i ) ;
fclose ( fpl );
sprintf(filename , "%s.dat\0" ,"time");
fpl= fopen(filename ,"w");
for ( i =-O;i<=t s_save ; i++) fprintf (fpl , "%2.15e\n" , timev [ i ] );
fclose (fpl);
sprintf(filename , "%s-V d. dat\O" ,"drdz" ,ts);
fpl= fopen(filename ,"w");
for(i =3;i<NZ-3;i++) fprintf(fpl , "%d %2.15e\n" ,i ,drdz [i]);
fclose (fpl);
sprintf(filename , "%s-7d. dat\0" ,"d2rdz2" , ts);
fpl= fopen(filename ,"w");
for(i =3;i<NZ-3;i++) fprintf (fpl , "od_%2.15e\n" ,i ,d2rdz2[ i] ) ;
fclose (fpl);
sprintf(filename , "%s-7d. dat\0","ext-rate" ,ts);
fpl= fopen (filename , "w" );
for(i=3;i<NZ-3;i++) fprintf (fpl , "%od %e\n" ,i ,0.5(v[i+l]-v[i-1])/dz);
fclose(fpl);
}
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Appendix C
Runge-Kutta integration method
The projection method is a special splitting method that allows one to advance a
solution forward one time step, At, with Euler's method. To simplify notation, let E
define an Euler update so that:
Vn+ = E(V") (C.1)
where V is a vector. This can be used to describe a temporal update using Euler's
method. A 3 rd order TVD (total-variation-diminishing) Runge-Kutta can be written
as a convex combination of Euler updates, as described in Shu et al. [78]:
1 E 3 1 EV(.
V"J = V" + E -V + -E ((E (Vn))) (C.2)3 3 4 4
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Appendix D
WENO scheme
In this section we present the Weighted Essentially Non-Oscillatory (WENO) scheme
from Liu et al. [77] used to discretize spatial derivatives at the fifth order. This scheme
is particularly powerful to capture large variations or discontinuities in hyperbolic
equations, which is required to describe the large gradients of the axial and radial
stresses between the thread and the two fluid reservoirs at the endplates. Consider
a function f with its discretization fi on a grid with spacing A. We can define the
following finite difference:
v1 = (fi-2- fi-3)/
v, = (fi,-- fi-2)/A
3= (fi - fi-,l)/
V4 = (fi+l- fi)/
v5 = (f-+2 - fi+l)/
We define:
13 1
sl = (vl - 2v 2 + v3)2 + 1(v - 4v2 + 3v 3 ) 212 4
13 1
2 = (v - 2v 3 v 4)+ v4 2 - 4 )212 4
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S3= 13( - 2v4 + V5 )2 + (3v 3 - 4v4 + v5) 212 4
1 6 3
al -(s + )- 1 a 2 = (s2 6)- 1 a3 = S3 +)-110 10 10
where c is a small parameter. We chose E = 10-6 in all simulations. The weights are
given by:
wl = al(al + a2 + a3) - 1
2 = a2 (al a2 + a3)-1
w3 = 1 - W2 - W3
We obtain an upwinded expression (used when the velocity of the fluid minus the
velocity of the nodes is positive) for the derivative of f at grid point i (fifth order
accuracy):
( 7 11 1 5 1)1 5 1
i 11 +1 W-3 2 ( V2 +-V3 + 4 3-4 V5 )3 6 6 6 6 3 3 6 6
The expression for the downwind derivative (used when the velocity of the fluid
minus the velocity of the nodes is negative) is obtained from reversing the directions
from which the finite differences are taken.
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